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SPONTANEOUS SU2(C) SYMMETRY BREAKING IN THE
GROUND STATES OF QUANTUM SPIN CHAIN
ANILESH MOHARI
Abstract
In this paper, we have proved that there exists no translation invariant pure state of M =
⊗k∈ZM
(k)
d
(C) that is real, lattice symmetric with a certain twist and SU2(C) invariant for any even
integer d ≥ 2. In particular, this result also says that the Heisenberg iso-spin anti-ferromagnetic
model with 1
2
-odd integer spin degrees of freedom does not admit a unique ground state.
1. Introduction
In this paper, we investigate various order properties of ground states for translation
invariant Hamiltonian models [BR-II,Sim] in the two-side infinite quantum spin
chain M = ⊗k∈ZM
(k)
d (C) of the following formal form
(1) H =
∑
n∈Z
θn(h0),
with h∗0 = h0 ∈ Mloc, where Mloc is the union of local sub-algebras of M and θ is
the right translation on M. In particular, our results are aimed to investigate the
set of ground states for the Heisenberg anti-ferromagnet iso-spin model HXXX [Be]
with nearest neighbour interactions
(2) hXXX0 = J(σ
0
x ⊗ σ
1
x + σ
0
y ⊗ σ
1
y + σ
0
z ⊗ σ
1
z),
where σkx , σ
k
y and σ
k
z are Pauli spin matrices located at lattice site k ∈ Z and J > 0
is a constant. It is well known that any finite volume truncation of HXXX with
periodic boundary condition admits a unique ground state [Be,AL]. However, no
clear picture has emerged so far in the literature about the set of ground states
for the two sided infinite volume anti-ferromagnet Heisenberg HXXX model. How-
ever, many interesting results on ground states, those are known for other specific
Heisenberg type of models [LSM], such as Ghosh-Majumder (GM) model [GM]
and Affleck-Kenedy-Lieb-Tasaki (AKLT) model [AKLT], gave interesting conjec-
tures on the general behaviour of ground states and its physical implication for
anti-ferromagnetic Hamiltonian HXXX model.
One standing conjecture by Haldane [AL] says that HXXX has a unique ground
state and the ground state admits a mass gap with its two-point spatial correlation
function decaying exponentially for integer spin s ( odd integer d, where d = 2s+1
). Whereas for the even values of d, the conjecture says that HXXX has a unique
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ground state with no mass gap and its two-point spatial correlation function does
not decay exponentially (i.e. s is a 12 odd integer spin, where d = 2s+ 1). A well
known result, due to Affleck and Lieb [AL] says: if HXXX admits a unique ground
state for even values of d then the ground state has no mass gap and its two-point
spatial correlation function does not decay exponentially. In contrast, if the integer
spin HXXX model admits a unique ground state with a mass gap, a recent result
[NaS] says that its two point spatial correlation function decays exponentially. Thus
the uniqueness of the hypothesis on the ground state for HXXX model is a critical
issue to settle a part of the conjecture. We refer interested readers to [AL,Ma3]
for finer details on this conjecture and a survey paper [Na] for an overview on this
topic. On the experimental side, HXXX finds a special place in the low temperature
physics of magnetic materials [Ef,DR] those admit quasi one-dimensional lattice
structures.
In this paper, we will use a C∗-algebraic method that is independent of Bethe-
ansatz [Be] or algebraic Bethe-ansatz [Fa] solution, used in the literature extensively
to capture properties of ground states of HXXX model. Nor we will be using the
rigorous methods invented in [LSM] and [GM] to study the infinite volume ground
states of HXXX as limit points of the finite volume ground states of HXXX with
periodic boundary conditions.
In the following text, we will now formulate the problem in the general framework
of C∗-dynamical system [BR-II] valid for two-sided one-dimensional quantum spin
chain models. The uniformly hyper-finite C∗-algebra M = ⊗k∈ZM
(k)
d (C) of infinite
tensor product of d × d-square matricesM
(k)
d (C) ≡ Md(C), levelled by k in the
lattice Z of integers, is the norm closure of the algebraic inductive limit of the
net of finite dimensional C∗ algebras MΛ = ⊗k∈ΛM
(k)
d (C), where Λ ⊂ Z are finite
subsets and an element Q in MΛ1 is identified with the element Q ⊗ IΛ2
⋂
Λc
1
in
MΛ2 , i.e. by the inclusion map if Λ1 ⊆ Λ2, where Λ
c is the complementary set
of Λ in Z. We will use the symbol Mloc to denote the union of all local algebras
{MΛ : Λ ⊂ Z, |Λ| < ∞}. Thus M is a quasi-local C∗-algebra with local algebras
{MΛ : |Λ| < ∞} and M′Λ = MΛc , where M
′
Λ is the commutant of MΛ in M. We
refer readers to Chapter 6 of [BR-II] for more details on quasi-local C∗-algebras.
The lattice Z is a group under addition and for each n ∈ Z, we have an au-
tomorphism θn, extending the translation action, which takes Q(k) to Q(k+n) for
any Q ∈Md(C) and k ∈ Z, by the linearity and multiplicative properties on M.
A unital positive linear functional ω of M is called state. It is called translation-
invariant if ω = ωθ. A linear automorphism or anti-automorphism β [Ka] on M is
called symmetry for ω if ωβ = ω. Our primary objective is to study translation-
invariant states and their symmetries that find relevance in Hamiltonian dynamics
of quantum spin chain models H [BR-II,Ru,Sim].
We consider [BR-II,Chapter 6],[Ru] quantum spin chain Hamiltonian in one di-
mensional lattice M of the following form
(3) H =
∑
n∈Z
θn(h0)
for h∗0 = h0 ∈ Mloc, where the formal sum in (3) gives a group of auto-morphisms
α = (αt : t ∈ R) by the thermodynamic limit: limΛη↑Z||α
Λη
t (A)−αt(A)|| = 0 for all
A ∈ M and t ∈ R for a net of finite subsets Λη of Z with uniformly bounded surface
energy, where automorphisms αΛt (x) = e
itHΛxe−itHΛ is determined by the finite
subset Λ of Zk and HΛ =
∑
n∈Λ θ
n(h0). Furthermore, the limiting automorphism
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(αt) does not depend on the net that we choose in the thermodynamic limit Λη ↑ Z,
provided the surface energies of HΛη are kept uniformly bounded. The uniquely
determined group of automorphisms (αt) on M is called Heisenberg flows of H .
In particular, we have αt ◦ θ
n = θn ◦ αt for all t ∈ R and n ∈ Z. Any linear
automorphism or anti-automorphism β on Mloc, keeping the formal sum (3) in H
invariant, will also commute with (αt).
A state ω is called stationary for H if ωαt = ω on M for all t ∈ R. The set of
stationary states of H is a non-empty compact convex set and has been extensively
studied in the last few decades within the framework of ergodic theory for C∗-
dynamical systems [BR-I,Chapter 4]. However, a stationary state of H need not be
always translation-invariant. A stationary state ω ofM for H is called β-KMS state
at an inverse positive temperature β > 0 if there exists a function z → fA,B(z),
analytic on the open strip 0 < Im(z) < β, bounded continuous on the closed strip
0 ≤ Im(z) ≤ β with boundary condition
fA,B(t) = ωβ(αt(A)B), fA,B(t+ iβ) = ωβ(αt(B)A)
for all A,B ∈ M. Using weak∗ compactness of convex set of states on M, finite
volume Gibbs state ωβ,Λ is used to prove existence of a KMS state ωβ for (αt) at
inverse positive temperature β > 0. The set of KMS states of H at a given in-
verse positive temperature β is singleton set i.e. there is a unique β KMS-state at a
given inverse positive temperature β = 1kT forH which has a finite range interaction
[Ara1],[Ara2], [Ki] and thus inherits translation and other symmetry of the Hamil-
tonian. The unique KMS states of H at a given inverse temperature is ergodic for
translation dynamics. This gives a strong motivation to study translation-invariant
states in a more general framework of C∗-dynamical systems [BR-I].
A state ω of M is called ground state for H , if the following two conditions are
satisfied:
(a) ω(αt(A)) = ω(A) for all t ∈ R;
(b) If we write on the GNS space (Hω , πω, ζω) of (M, ω),
αt(πω(A)) = e
itHωπω(A)e
−itHω
for all A ∈M with Hωζω = 0, then Hω ≥ 0.
Furthermore, we say a ground state ω is non-degenerate, if null space of Hω is
spanned by ζω only. We say ω has a mass gap, if the spectrum σ(Hω) of Hω is
a subset of {0}
⋂
[δ,∞) for some δ > 0. For a wide class of spin chain models
[NaS], which includes Hamiltonian H with finite range interaction, h0 being in
Mloc, the existence of a non vanishing spectral gap of a ground state ω of H implies
exponential decaying two-point spatial correlation functions. We present now a
precise definition for exponential decay of two-point spatial correlation functions of
a state ω of M. We use symbol Λcm for complementary set of the finite volume box
Λm = {n : −m ≤ n ≤ m} for m ≥ 1.
Definition 1.1. Let ω be a translation-invariant state of M. We say that the
two-point spatial correlation functions of ω decay exponentially, if there exists a
δ > 0 satisfying the following condition: for any two local elements Q1, Q2 ∈ M
and ǫ > 0, there exists an integer m ≥ 1 such that
(4) eδ|n||ω(Q1θ
n(Q2))− ω(Q1)ω(Q2)| ≤ ǫ
for all n ∈ Λcm.
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By taking low temperature limit of ωβ as β →∞, one also proves existence of a
ground state for H [Ru,BR-II]. On the contrary to KMS states, the set of ground
states is a convex face in the set of the convex set of (αt) invariant states of M and
its extreme points are pure states of M i.e. A state is called pure if it can not be
expressed as convex combination of two different states ofM. Thus low temperature
limit points of unique β−KMS states give ground states for the Hamiltonian H
inheriting translation and other symmetry of the Hamiltonian. In general the set
of ground states need not be a singleton set and there could be other states those
are not translation invariant but still a ground state for a translation invariant
Hamiltonian. Ising model admits non translation invariant ground states known as
Ne´el state [BR vol-II]. However ground states that appear as low temperature limit
of β−KMS states of a translation invariant Hamiltonian, inherit translation and
other symmetry of the Hamiltonian. In particular if ground state of a translation
invariant Hamiltonian model (3) is unique, then the ground state is a translation
invariant pure state.
Let Q→ Q˜ be the automorphism on M that maps an element
Q = Q
(−l)
−l ⊗Q
(−l+1)
−l+1 ⊗ ...⊗Q
(−1)
−1 ⊗Q
(0)
0 ⊗Q
(1)
1 ...⊗Q
(n)
n
by reflecting around the point 12 of the lattice Z to
Q˜ = Q(−n+1)n ...⊗Q
(0)
1 ⊗Q
(1)
0 ⊗Q
(2)
−1 ⊗ ...Q
(l)
−l+1 ⊗Q
(l+1)
−l
for all n, l ≥ 1 and Q−l, ..Q−1, Q0, Q1, .., Qn ∈Md(C).
For a state ω of M, we set a state ω˜ of M by
(5) ω˜(Q) = ω(Q˜)
for all Q ∈ M. Thus ω → ω˜ is an affine one to one onto map on the convex set
of states of M. The state ω˜ is translation-invariant if and only if ω is translation-
invariant state. We say a state ω is lattice reflection-symmetric or in short lattice
symmetric if ω = ω˜.
The group of unitary matrices u ∈ Ud(C) acts naturally on M as a group of
automorphisms of M defined by
(6) βu(Q) = (..⊗ u⊗ u⊗ ...)Q(...⊗ u
∗ ⊗ u∗ ⊗ u∗...)
We also set automorphism β˜u on M defined by
(7) β˜u(Q) = βu(Q˜)
for all Q ∈M. So for u,w ∈ Ud(C), we have
β˜uβ˜w = βuw
In particular, α˜2w(Q) = Q for all Q ∈M if and only if w
2 = Id. We say a state ω of
M is lattice symmetric with a twist w ∈ Ud(C) if
(8) w2 = Id, ω(β˜w(Q)) = ω(Q)
We fix an orthonormal basis e = (ei) of C
d and Qt ∈Md(C) be the transpose
of Q ∈ Md(C) with respect to an orthonormal basis (ei) for Cd (not complex
conjugate). Let Q→ Qt be the linear anti-automorphism map on M that takes an
element
Q = Q
(l)
0 ⊗Q
(l+1)
1 ⊗ ....⊗Q
(l+m)
m
to its transpose with respect to the basis e = (ei) defined by
Qt = Qt0
(l)
⊗Qt1
(l+1)
⊗ ..⊗Qtm
(l+m)
,
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whereQ0, Q1, ..., Qm are arbitrary elements inMd(C). We also note thatQ
t depends
on the basis e that we choose and we have avoided use of a suffix e. He assumed
that it won’t confuse an attentive reader since we have fixed an orthonormal basis
(ei) for our consideration through out this paper. For more general Q ∈ Mloc,
we define Qt by extending linearly and take the unique bounded linear extension
for any Q ∈ M. For a state ω of M, we define a state ω¯ on M by the following
prescription
(9) ω¯(Q) = ω(Qt)
Thus the state ω¯ is translation-invariant if and only if ω is translation-invariant. We
say ω is real , if ω¯ = ω. The formal Hamiltonian H is called reflection symmetric
with twist w if βw(H˜) = H and real if H
t = H .
We also set a conjugate linear map Q → Q on M with respect to the basis (ei)
for Cd defined by extending the identity action on elements
..Id⊗|ei0〉〈ej0 |
(k)⊗|ei1〉〈ej1 |
(k+1)⊗|ein〉〈ejn |
(k+n)⊗Id.., 1 ≤ ik, jk ≤ d, k ∈ Z, n ≥ 0
anti-linearly. Thus by our definition we have
Q∗ = Qt
and
(Q)∗ = Q∗
We set the following anti-linear reflection map Jw : M → M with twist w ∈
Ud(C), defined by
(10) Jw(Q) = βw(Q˜)
for all Q ∈M.
Following a well known notion [FILS], a state ω on M is called reflection positive
with a twist r0 ∈ Ud(C), r20 = Id, if
(11) ω(Jr0(Q)Q) ≥ 0
for all Q ∈ MR. Thus the notion of reflection positivity also depends explicitly on
the underlining fixed orthonormal basis e = (ei) of C
d.
Let G be a compact group and g → u(g) be a d−dimensional unitary represen-
tation of G. By γg we denote the product action of G on the infinite tensor product
M induced by u(g),
(12) γg(Q) = (..⊗ u(g)⊗ u(g)⊗ u(g)...)Q(...⊗ u(g)
∗ ⊗ u(g)∗ ⊗ u(g)∗...)
for any Q ∈M, i.e. γg = βu(g). We say ω is G-invariant, if
(13) ω(γg(Q)) = ω(Q)
for all Q ∈Mloc. If G = Ud(C) and u : Ud(C)→ Ud(C) is the natural representation
u(g) = g, then we will identify the notation βg with γg for simplicity. Formal
Hamiltonian H given in (3) is called G-gauge invariant if γg(H) = H for all g ∈ G.
We recall now [DLS,FILS] if H in (3) has the following form
(14) −H = B + Jr0(B) +
∑
i
CiJr0(Ci)
for some B,Ci ∈ MR then the unique KMS state at inverse positive temperature
β is refection positive with the twist r0. We refer to [FILS] for details, which we
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will cite frequently while dealing with examples satisfying (12). Since the weak∗-
limit of a sequence of reflection positive states with the twist r0 is also a reflection
positive state with the twist r0, weak
∗-limit points of the unique β−KMS state of
H as β → ∞, are also refection positive with the twist r0. Thus any weak
∗ low
temperature limit point ground state of H is reflection positive with a twist r0 if
H is given by (12).
In particular, the anti-ferromagnetic HXXX models are real and reflection sym-
metric admitting the form (12) [FILS] with r0 = σy . Another mathematically
instructive example of real reflection symmetric Hamiltonian satisfying (12) is the
anti-ferro-magnetic XY model HXY defined by
(15) hXY0 = J(σ
0
x ⊗ σ
1
x + σ
0
y ⊗ σ
1
y)
for some constant J > 0. The model HXY is exactly solvable [LSM,AMa] and its
partition function at positive temperatures [LSM] are known explicitly. Further-
more, it is also well known that HXY admits a unique ground state [AMa] and the
ground state admits no mass gap [AL]. Furthermore, its two-point spatial correla-
tion function does not decay exponentially [Ma3]. We will get back to this model
in the last section of this paper with some additional results for its unique ground
state.
Hamiltonian HXXX admits SU2(C) gauge symmetry with irreducible represen-
tation g → u(g). Whereas HXY admits S1 ⊂ SU2(C) gauge symmetry, where an
element z ∈ S1 is identified to the following element in SU2(C):
(16) gz =
(
z , 0
0 , z¯
)
.
A pure mathematical question that arise here: does this additional symmetry
of H helps to understand behaviour of its low temperature limiting ground states?
Taku Matsui had investigated [Ma3] this question for translation invariant pure
states ω of M = ⊗k∈ZM
(k)
d (C). In particular, we proved that one of the following
statements is false for even integer d:
(a) πω(MR)
′′ is a type-I factor state;
(b) ω is SU2(C) gauge invariant with an irreducible representation g → u(g).
In general, for a translation invariant pure state ω, πω(MR)
′′ need not be a type-I
factor [Ma3]. However, it is known that πω(MR)
′′ is either a type-I or a type-III
factor [Mo1, Mo3].
As an application of our main mathematical results of this paper, we will prove
the following theorem in the fourth section.
Theorem 1.2. Let ω be a translation invariant, real, reflection positive with
twist r0 ∈ Ud(C) state of M = ⊗k∈ZM
(k)
d (C). Then at least one of the following
two statements is not true for even values of d:
(a) ω is pure;
(b) ω is SU2(C)-invariant, where g → u(g) ∈ Ud(C) in (13) is an irreducible
representation of SU2(C) satisfying
(17) r20 = Id, r0u(g)r
∗
0 =
¯u(g)
for all g ∈ SU2(C), where the matrix conjugation with respect to an orthonormal
basis e = (ei) of C
d.
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As an application of Theorem 1.2, we will prove in the last section the following
corollary.
Corollary 1.3. Let H be a translation invariant Hamiltonian of the form
H =
∑
k∈Z θk(h0) with h0 = h
∗
0 ∈ Mloc. Let H be also SU2(C) invariant with
an irreducible representation g → u(g) of SU2(C) and r0 be the element in Ud(C)
satisfying (17). Let H be also real (with respect to the basis e = (ei) ), lattice re-
flection symmetric and unique β-KMS at inverse positive temperature be reflection
symmetric with the twist r0 ∈ Ud(C). If d is an even integer, then the set of ground
states for H is not singleton.
However, we have the following important corollaries.
Corollary 1.4. Let ω be a translation invariant ground state for H given in
Corollary 1.3 that is real, lattice-symmetric and SU2(C) invariant with an irre-
ducible representation g → u(g) of SU2(C). If d is an even integer and the ground
state ω is non-degenerate then the following hold:
(a) ω is not a factor state;
(b) Hω has no mass gap.
Corollary 1.5. Let HXXX be the Heisenberg
1
2 -odd integer anti-ferromagnetic
spin model in quantum spin chain M = ⊗k∈ZM
(k)
d (C), d is an even integer. Then
the following hold:
(a) Any ground state of HXXX that is a low temperature limit of thermal equilibrium
states is not pure.
(b) The model HXXX does not have a unique ground state.
(c) Any infinite volume thermodynamic limit of finite volume Bethe states with
periodic condition is translation invariant and refection positive with the twist r0
but not pure on M. Such a ground state has no mass gap if it is non-generate.
Thus our analysis finally gives a surprising result for 12 odd integer spin anti-
ferromagnetic HXXX contrary to general belief for the last few decades. However
it does not rule out possibility of a unique limit point while taking low temperature
limit T → 0 and thus also does not rule out possibility of a strongly correlated
two-point spatial correlation function for its low temperature limiting ground state
as per assertion of Corollary 1.4. Thus one important question that remains to be
answered whether ground state of integer spin HXXX model is unique?
The paper is organized as follows: In section 2, we will recall basic mathematical
set up required from earlier paper [Mo3] and explain basic ideas involved in the
proof of Theorem 1.2. In section 4 we give the proof of Theorem 1.2. In the last
section, we will illustrate our results with models of physical interest. In particular,
we will give proofs of Corollary 1.3, Corollary 1.4 and Corollary 1.5.
2. Mathematical Preliminaries
For the last few decades, a translation-invariant state of M had been studied exten-
sively in the mathematical literature, either in the framework of quantum Markov
states [Ac], [FNW1], [FNW2], [FNW3] or in the frame work of representation the-
ory of C∗ algebras [Pow], [Cu], [BJ], [BJP] and [BJKW]. Our investigation in [Mo2]
and [Mo3] had clubbed these two frameworks into a unified Kolmogorov dilation
theory [Mo1], where inductive limit states [Sa] are visualized in the frame work of
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Kolmogorov consistency theorem for stationary Markov processes. In this section,
however, we give the basic ideas that are involved in the proof of Theorem 1.2
after recalling some known results from [BJKW], [Mo2] and [Mo3] for our present
purpose.
A state ω on a C∗-algebra M is called factor, if the center of the von-Neumann
algebra πω(M)
′′ is trivial, where (Hω , πω, ζω) is the Gelfand-Naimark-Segal (GNS)
space associated with ω on M [BR-I] and πω(M)
′′ is the double commutant of
πω(M). A state ω on M is pure, if πω(M)
′′ = B(Hω), the algebra of all bounded
operators onHω . Here we fix our convention that Hilbert spaces that are considered
here are always equipped with inner products 〈., .〉 which are linear in the second
variable and conjugate linear in the first variable. We also recall [Theorem 2.7 in
[Pow] or Corollary 2.6.11 in [BR-I], [Ma3] a standard definition of a state to be split
in the following.
Let ω be a translation-invariant state of M and ωΛ be the state ω restricted to
MΛ. We say that ω is split, if the following condition is valid for any subset Λ of
Z: Given any ǫ > 0 there exists a m ≥ 1, so that
(18) sup||Q||≤1|ω(Q)− ωΛ ⊗ ωΛc(Q)| ≤ ǫ,
where the above sup is taken over all local elements Q ∈ MΛcm with the norm
less than equal to 1. The uniform clustering property (17) of the state ω has its
mathematical appeal which guarantees that ω is quasi equivalent to the tensor
product state ωΛ ⊗ ωΛc by Theorem 2.7 in [Pow]. A Gibbs state [BR-II, Chapter
6.2.2] of a Hamiltonian with finite range interaction is split. In particular, if ω is
pure and split then ωR is a type-I factor state. However, a pure state need not be
a split state [Ma3].
We recall in the following, a well known result (Theorem 2.5 in [Pow]). A
translation-invariant state ω of M is a factor state if and only if the following
holds: for any given Q2 ∈M and ǫ > 0, there exists an integer n ≥ 1 so that
(19) supQ1∈MΛcn ,||Q1||≤1
|ω(Q1Q2)− ω(Q1)ω(Q2)| ≤ ǫ
The criteria givin in (18) is used to deduce that a translation-invariant state ω of
M is a factor state, if and only if ωΛ ( ωΛc ) is a factor state for all subsets of Λ of
Z.
We recall that the Cuntz algebra Od(d ∈ {2, 3, .., }) [Cun] is the universal uni-
tal C∗-algebra generated by the elements {s1, s2, ..., sd} subjected to the following
relations:
(20) s∗i sj = δ
i
jI,
∑
1≤i≤d
sis
∗
i = I
Let Ω = {1, 2, 3, ..., d} be a set of d elements. I be the set of finite sequences
I = (i1, i2, ..., im) of elements, where ik ∈ Ω and m ≥ 1 and we use notation |I| for
the cardinality of I. We also include null set denoted by ∅ in the collection I and
set s∅ = s
∗
∅ = I identity of Od and sI = si1 ......sim ∈ Od and s
∗
I = s
∗
im
...s∗i1 ∈ Od.
The group Ud(C) of d× d unitary matrices acts canonically on Od as follows:
βu(si) =
∑
1≤j≤d
ujisj
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for u = ((uij) ∈ Ud(C). In particular, the gauge action is defined by
βz(si) = zsi, z ∈ T = S
1 = {z ∈ C : |z| = 1}.
The fixed point sub-algebra of Od under the gauge action i.e., {x ∈ Od : βz(x) =
x, z ∈ S1} is the closure of the linear span of all Wick ordered monomials of the
form
(21) si1 ...siks
∗
jk ...s
∗
j1 : I = (i1, .., ik), J = (j1, j2, .., jk)
and is isomorphic to the uniformly hyper-finite C∗ sub-algebra
MR = ⊗1≤k<∞M
(k)
d (C)
of M, where the isomorphism carries the Wick ordered monomial (20) into the
following matrix element
(22) |ei1〉〈ej1 |
(1) ⊗ |ei2〉〈ej2 |
(2) ⊗ ....⊗ |eik〉〈ejk |
(k) ⊗ 1⊗ 1....
We use notation UHFd for the fixed point C
∗ sub-algebra of Od under the gauge
group action (βz : z ∈ S1). The restriction of βu to UHFd is then carried into
action
Ad(u)⊗Ad(u)⊗Ad(u)⊗ ....
on MR.
We also define the canonical endomorphism λ on Od by
(23) λ(x) =
∑
1≤i≤d
sixs
∗
i
and the isomorphism carries λ restricted to UHFd into the one-sided shift
y1 ⊗ y2 ⊗ ...→ 1⊗ y1 ⊗ y2....
on MR. We note for all u ∈ Ud(C) that λβu = βuλ on Od and so in particular, also
on UHFd.
A family (vk : 1 ≤ k ≤ d) of contractive operators on a Hilbert space K is called
a Popescu element [Po], if
(24)
∑
k
vkv
∗
k = IK
For a Popescu element (vk : 1 ≤ k ≤ d) on a Hilbert space K, we define a unital
completely positive map τ on B(K) by
(25) τ(x) =
∑
k
vkxv
∗
k, x ∈ B(K)
and τ -invariant elements Bτ (K) in B(K) by
(26) B(K)τ = {x ∈ B(K) : τ(x) = x}
We also note that the group action (βu) of Ud(C) on the collection of Popescu
elements (vi) defined by
βu(vi) =
∑
1≤j≤d
ujivj , 1 ≤ j ≤ d
keeps B(K)τ unperturbed.
We recall Proposition 2.4 in [Mo3] with little more details in the following propo-
sition. The proof given for Proposition 2.4 (a) is valid for any λ-invariant state of
Od.
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Proposition 2.1. Let (Hψ , πψ, ζψ) be the GNS representation of a λ invariant
state ψ on Od and P be the support projection of the normal state ψζψ (X) =
〈ζψ , Xζψ〉 in the von-Neumann algebra πψ(Od)′′. Then the following holds:
(a) P is a sub-harmonic projection for the endomorphism Λ(X) =
∑
k SkXS
∗
k on
πψ(Od)
′′ i.e. Λ(P ) ≥ P satisfying the following:
(i) PS∗kP = S
∗
kP, 1 ≤ k ≤ d;
(ii) The set {SIf : Pf = f, f ∈ Hψ, |I| <∞} is total in Hψ;
(iii) Λn(P ) ↑ I as n ↑ ∞;
(iv)
∑
1≤k≤d vkv
∗
k = IK;
where Sk = πψ(sk) and vk = PSkP for 1 ≤ k ≤ d are contractive operator on
Hilbert subspace K, the range of the projection P ;
(b) For any I = (i1, i2, ..., ik), J = (j1, j2, ..., jl) with |I|, |J | <∞ we have ψ(sIs∗J) =
〈ζψ , vIv∗Jζψ〉 and the vectors {SIf : f ∈ K, |I| <∞} are total in Hψ;
(c) The von-Neumann algebra M = Pπψ(Od)
′′P , acting on the Hilbert space K
i.e. range of P , is generated by {vk, v∗k : 1 ≤ k ≤ d}
′′ and the normal state
φ(x) = 〈ζψ , xζψ〉 is faithful on the von-Neumann algebra M.
(d) The linear map X ′ ∈ πψ(Od)′ is a bijection onto PX ′P ∈ Bτ (K) and the map
is norm preserving order isomorphic from the self-adjoint part of the commutant
of πψ(Od)
′ to the space of self-adjoint fixed points of the completely positive map
τ . Furthermore, M′ = Bτ (K). In particular, for any unitary element u′ ∈ M′ (
any anti-unitary element j0 commuting with elements in M ), there exists a unique
unitary element U ′ in π(O)′ ( an anti-unitary element J0 on H commuting with
elements in π(Od)′′) such that PU ′P = u′(PJ0P = j0).
(e) Let ψ′ be an another λ-invariant state of Od with its GNS representation
(Hψ′ , πψ′ , ζψ′) and (P ′,K′, v′k : 1 ≤ k ≤ d) be its Popescu system on its support
projection P ′ = [πψ′(Od)′ζψ′ ] such that
v′k = uvku
∗, 1 ≤ k ≤ d
for some operator u : K → K′ then there exists a unique operator U : Hψ → Hψ′
extending u : K → K′ such that
πψ′(x) = Uπψ(x)U
∗
for all x ∈ Od. Furthermore, the map U → P ′UP is a bijection between the sets
of inter-twinning elements and U is unitary if and only if u is unitary. Similar
statement also holds for anti-unitary operators j0 : K → K′ and J0 : H → H′
intertwining the Popescu and the Cuntz elements respectively.
(f) The following statements are equivalent:
(i) ψ is a factor state of Od;
(ii) (πψ(Od)′′,Λ, ψ) is ergodic;
(iii) M is a factor;
(iv) (M, τ, φ) is ergodic.
Conversely, let v1, v2, ..., vd be a family of bounded operators on a Hilbert space
K so that
∑
1≤k≤d vkv
∗
k = I. Then there exists a unique up to unitary isomorphism
Hilbert space H, a projection operator P on H with range equal to K and a Cuntz
element {Sk :, 1 ≤ k ≤ d} satisfying relation (10) so that
(27) PS∗kP = S
∗
kP = v
∗
k
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for all 1 ≤ k ≤ d and K is cyclic for the representation i.e. the vectors {SIK : |I| <
∞} are total in H.
Moreover, the following holds:
(i) Λn(P ) ↑ I as n ↑ ∞;
(ii) For any D ∈ Bτ (K), Λn(D) → X ′ weakly as n → ∞ for some X ′ in the
commutant {Sk, S∗k : 1 ≤ k ≤ d}
′ so that PX ′P = D. Moreover the self adjoint
elements in the commutant {Sk, S∗k : 1 ≤ k ≤ d}
′ is isometrically order isomorphic
with the self adjoint elements in Bτ (K) via the surjective map X ′ → PX ′P .
(iii) {vk, v∗k, 1 ≤ k ≤ d}
′ ⊆ Bτ (K) and equality holds, if and only if P ∈ {Sk, Sk, 1 ≤
k ≤ d}′′.
(iv) Let M be a von-Neumann algebra generated by the family {vk : 1 ≤ k ≤ d} of
operators on Hilbert space K and M′ = Bτ (K). Then for any τ-invariant faithful
normal state φ on M there exists a λ-invariant state ψ on Od, defined by
ψ(sIs
∗
J) = φ(vIv
∗
J ), |I|, |J | <∞
so that its GNS space associated with (M, φ) is identified with the support projection
of ψ in πψ(Od)
′′, where (Hψ , πψ, ζψ) is the GNS space of (Od, ψ).
Furthermore, for a given λ-invariant state ψ, the family (K,M, vk 1 ≤ k ≤ d, φ)
satisfying (iv) is determined uniquely up to unitary conjugation.
Proof. For (a) we verify the following steps:
〈ζψ , PΛ(I − P )Pζψ〉
= 〈ζψ ,Λ(I − P )ζψ〉
= 〈ζψ , (I − P )ζψ〉
= 0
Since P is the support projection of the state ψ on πψ(Od)′′ and 0 ≤ PΛ(I−P )P ∈
πψ(Od)′′, we get
PΛ(I − P )P = 0
and so (i) i.e. (I − P )S∗kP = 0 for each 1 ≤ k ≤ d is immediate.
Since Pζψ = ζψ and S
∗
JP ⊆ P for all |J | < ∞, we get (ii) by cyclic property of
ζψ for πψ(Od)′′.
For (iii), let Y = limn↑∞Λ
n(P ) in strong operator limit. Then Y is a projection
and Λ(Y ) = Y . By Cuntz relations (17), we get SiY = Y Si. Since Y
∗ = Y , we get
Y S∗i = S
∗
i Y by taking adjoint on both side. Thus Y ∈ πψ(Od)
′. Since Y ≥ P and
Pζψ = ζψ, we get Y ζψ = ζψ. Thus
Y SIS
∗
Jζψ
= SIS
∗
JY ζψ
= SIS
∗
Jζψ
This shows Y = I by cyclic property of ζψ for πψ(Od)′′ in Hψ.
We can as well prove (iii) by using the following alternative argument. Since
Λn(P )SI = SIP for all I with |I| = n, we have by Cuntz relations (17) and (i) that
Λn(P )SIS
∗
Jζψ
= SIPS
∗
Jζψ
= SIS
∗
Jζψ
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for all |I| = n and |J | <∞. Since Y ≥ Λn(P ), we get
Y SIS
∗
Jζψ = SIS
∗
Jζψ
for all |I| = n and |J | <∞. Since this equality holds for all n, we get (iii) by cyclic
property of ζψ for πψ(Od)′′.
The relation (iv) is a simple computation∑
k
vkv
∗
k
=
∑
k
PSkPS
∗
kP
=
∑
k
PSkS
∗
kP
= IK
The relation (b) follows by (i) of (a). For non trivial statements (c) and (d),
we refer to the commutant lifting Theorem 2.1 in [Mo2] as used in Proposition
2.4 in [Mo3]. We also refer Theorem 5.1 in [BJKW] for the original idea used for
commutant lifting theorem and [Po]. For a quick recall, we consider the element
U ′(U ′)∗ ∈ π(Od)′ and note that PU ′U ′∗P = PU ′PPU ′∗P = u′u′∗ = P since
P = [πψ(Od)′ζψ] ∈ πψ(Od)′′. Thus by the bijective property U ′U ′∗ = I. same
holds U ′∗U ′ = I as u′∗u′ = P . In case of an anti-unitary element j0 commuting
elements in M, the weak operator limit of Λn(j0) as n ↑ ∞ exists and its limit
J0 commutes with elements in π(Od)′′. A proof follows a line of argument used
in Theorem 2.1 in [Mo2]. That J 20 = I follows as J
2
0 commutes with elements in
π(Od)′′ and PJ 20 P = j
2
0 = P . So by the bijective property of the map X
′ → PX ′P ,
we get J 20 = I on H.
For (e), we consider the representation π ⊕ π′ and apply (d) as in Theorem 5.1
in [BJKW] with support projection P ⊕ P ′ in Hψ ⊕Hψ′ .
For (f), we first note that (i) and (ii) are equivalent since the centre of πψ(Od)′′
are exactly the invariant elements of Λ in πψ(Od)′′. Similarly (iii) and (iv) are
equivalent since the invariant elements of τ in B(K) i.e. Bτ (K) =M′ by (c). Thus
the centre ofM are exactly the invariant elements of τ inM. That (ii) and (iv) are
equivalent follows by the argument used in Theorem 3.6 in [Mo6]. Same method
works for discrete time dynamics as well. For a proof, we repeat the argument
used now. For any element X ∈ πψ(Od)′′ and any state ψ′ on πψ(Od)′′, we have
|ψ′(Λm(X(I − P )))|2 ≤ ψ′(Λm(X∗X))ψ′(Λm(I − P )) ≤ ||X ||2ψ′(Λm(I − P )) → 0
as m→∞ i.e. Λm(X(I −P ))→ 0 in weak∗ topology of πψ(Od)′′ as n→∞. Thus
1
m
∑
0≤k≤m−1 Λ
k(X(I − P ))→ 0 in weak∗ topology as m→∞.
We also write
Λm+n(PXP )
= ΛmΛn(PXP )
= Λm(PΛn(PXP )P )+Λm(P⊥Λn(PXP )P )+Λm(PΛn(PXP )P⊥)+Λm(P⊥Λn(PXP )P⊥)
and for any normal state ψ′ on πψ(Od)′′ we note that
limsupn→∞|
1
n
∑
0≤k≤n−1
ψ′(Λm+k(PXP ))|
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is independent of m, we choose. On the other hand, for X,Y ∈ πψ(Od)′′ we have
limsupn→∞|
1
n
ψ′(Λm(
∑
0≤k≤n−1
Y Λk(PXP )P⊥)|
= limsupn→∞|ψ
′(Λm(Y
1
n
∑
0≤k≤n−1
Λk(PXP )P⊥)|
≤ ||Y || ||X ||ψ′(Λm(P⊥))
1
2
Thus
limsupn→∞|
1
n
ψ′(Λm(
∑
0≤k≤n−1
Y Λk(PXP )P⊥)| = 0
Thus combining the above two steps, we conclude that (ii) and (iv) are equivalent.
We can prove directly that (i) and (iii) are equivalent as follows. Suppose (i) is
true and a ∈ M
⋂
M′. Then a = PXP for some X ∈ πψ(Od)
′ since τ(a) = a and
Bτ (K) = M′ and Bτ (K) = Pπψ(Od)′P by (d). Thus Λn(a) = Λn(P )XΛn(P ) ∈
πψ(Od)′′ for all n ≥ 1. Since Λn(P ) ↑ I, we conclude that X ∈ πψ(Od)′′ as
X = limn→∞Λ
n(P )XΛn(P ) in weak operator topology. Thus X is a scaler multiple
of identity operator by the factor property of ψ given as (i). So a = PXP is also a
scaler multiple of IK.
For (iii) implies (i), we take an element X ∈ πψ(Od)
⋂
πψ(Od)′. Then PXP ∈
M since Pπψ(Od)′′P = M. However X ∈ πψ(Od)′ and so by (c), we also have
PXP ∈ M′. So PXP = λP for some scaler. Now we use once again action of Λn
on both side and take limit n→∞ to conclude X = λI. Thus (iii) implies (i).
Let ψ be a λ-invariant state of Od as in Proposition 2.1 and H = {z ∈ S1 : ψ =
ψβz} be the closed subgroup of S1. Let z → Uz be the unitary representation of
H in the GNS space (Hψ , π, ζψ) associated with the state ψ of Od, defined by
(28) Uzπψ(x)ζψ = πψ(βz(x))ζψ
so that πψ(βz(x)) = Uzπψ(x)U
∗
z for x ∈ Od. We use same notations (βz : z ∈ H)
for its normal extensions as group of automorphisms on πψ(Od)′′. Furthermore,
〈ζψ , Pβz(I − P )Pζψ〉 = 0 as ψ = ψβz for z ∈ H . Since P is the support projection
of ψ in πψ(Od)
′′, we have Pβz(I − P )P = 0 i.e. βz(P ) ≥ P for all z ∈ H . Since H
is a group, we conclude that βz(P ) = P i.e. PUz = UzP for all z ∈ H .
We consider now a group of automorphisms (βz : z ∈ H) on B(K) defined by
βz(a) = uzau
∗
z, where z → uz = PUzP is the unitary representation of H in K.
Let
(29) uz =
∑
k∈Hˆ
zkPk
be Stone-Naimark-Ambrose-Godement (SNAG) decomposition [Mac49] of the uni-
tary representation z → uz into its dual group Hˆ. So we have
Pk = [vIv
∗
Jζφ : |I| − |J | = k]
for k ∈ Hˆ .
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Our next two propositions are adapted from results in section 6 and section 7
of [BJKW] as stated in the present form in Proposition 2.5 and Proposition 2.6 in
[Mo3].
Proposition 2.2. Let ψ be a λ invariant factor state on Od and (Hψ , πψ, ζψ)
be its GNS representation. Then the following holds:
(a) The closed subgroup H = {z ∈ S1 : ψβz = ψ} is equal to
{z ∈ S1 : βzextends to an automorphism of πψ(Od)
′′}
(b) Let OHd be the fixed point sub-algebra in Od under the gauge group {βz : z ∈ H}.
Then πψ(OHd )
′′ = πψ(UHFd)
′′.
(c) If H is a finite cyclic group of k-many elements and πψ(UHFd)
′′ is a factor,
then πψ(Od)′′
⋂
πψ(UHFd)
′ ≡Cm, where 1 ≤ m ≤ k.
(d) If πψ(Od)′′ is a type-I factor then H = {z ∈ S1 : zk = 1}, i.e. H is a finite
cyclic subgroup of S1 and πψ(Od)′′
⋂
πψ(UHFd)
′ ≡ Ck. If πψ(UHFd)′′ is also a
factor then H = {1} and πψ(Od)′′ = πψ(UHFd)′′;
(e) Let ω′ be a λ-invariant state of UHFd algebra and πω′(UHFd)
′′ is a type-I factor,
then there exists a λ-invariant factor state ψ on Od extending ω′ such that
πψ(UHFd)
′′ = πψ(Od)
′′
Furthermore, H = {z ∈ S1 : ψ = ψβz} is equal to {1}.
Proof. (a), (b) and (c) are restatement of Proposition 2.5 in [Mo3]. Proofs of
(d) and (e) are given in [BJKW] and [Ma3] respectively. Here for our convenience,
we give quick proofs as follows.
If the von-Neumann algebra πψ(Od)
′′ is a type-I factor then the group of ∗-
automorphism z → βz is inner i.e. there exists a unitary representation z → Vz ∈
πψ(Od)′′ such that
βz(X) = VzxV
∗
z
for all X ∈ πψ(Od)′′, where βz(X) = UzXU∗z for all X ∈ πψ(Od)
′′ and
Uzπψ(x)ζψ = πψ(βz(x))ζψ
for all x ∈ Od. For details, we refer to Lemma 6.9 in [BJKW].
Let
(30) Vz =
∑
k∈Hˆ
zkEk
be Stone-Naimark-Ambrose-Godement (SNAG) decomposition [Mac49] of the uni-
tary representation z → Vz into its dual group Hˆ . So each Ek ∈ πψ(Od)′′. Since
Vzπψ(si)V
∗
z = zπψ(si) for all 1 ≤ i ≤ d, we get Λ(Vz) = zVz for all z ∈ H , where
Λ(X) =
∑
1≤k≤d
πψ(sk)Xπψ(s
∗
k)
for X ∈ πψ(Od)′′. By the uniqueness of the decomposition, we get Λ(Ek) = Ek+1
for all k ∈ Z, if Hˆ = Z. Since ψλ = ψ, we also have in such a case
ψ(Ek+1) = ψ(Λ(Ek)) = ψ(Ek), k ∈ Z
This brings a contradiction for Hˆ = Z since 1 = ψ(I) = ψ(
∑
k∈ZEk) =
∑
k∈Z ψ(Ek)
by normality of ψ on πψ(Od)′′. Rest of statement of (d) is obvious.
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The last statement (e) uses similar idea that was involved in the proof of (d). Let
ω be the unique inductive limit state of M such that ω = ωθ and ω|MR = ω
′
|UHFd.
We consider the unital injective endomorphism Λ : πω(UHFd)
′′ → πω(UHFd)′′
defined by extending the map
Λ(πω(x)) = πω(λ(x)), x ∈ UHFd
by restricting on the cyclic space [πω(UHFd)ζω ]. Since πω(UHFd)
′′ is a type-I factor,
by a theorem of W. Arveson [Ar] (also see Theorem 3.1 in [BJP]), we get a family
of elements (Si) in πω(UHFd)
′′ satisfying Cuntz relation (20) so that
Λ(X) =
∑
1≤i≤d
SiXS
∗
i
for all X ∈ πω(UHFd)′′, where we verify Arveson index of (UHFd,Λ) is d as
UHFd
⋂
Λ(UHFd)
′ is isomorphic toMd(C). Now we consider the state ψ : Od →C
defined by
ψ(sIs
∗
J) =< ζωSIS
∗
Jζω >
It is clear that ψλ = ψ. We claim that ψ is a factor state. Since [SIS
∗
Jζω ] = Hω′ ,
we can identify sIs
∗
J → SIS
∗
J as a GNS representation of the state ψ. Now the
factor property of ψ is obvious since by our construction πψ(UHFd)
′′ = πψ(Od)′′
as πψ(si) = Si ∈ πω(UHFd)
′′. That H is trivial for ψ now follows by (d).
Thus by Proposition 2.2 (b), P ∈ πψ(UHFd)′′ for a λ-invariant factor state of
Od. In such a case, we define von-Neumann subalgebra M0 of M by
(31) M0 = Pπψ(UHFd)
′′P
i.e. M0 is weak∗ closure of vector space {vIv∗J : |I| = |J |} by Proposition 2.1 (a).
Let K0 be the Hilbert subspace of K equal to the range of [M0ζω]. ThenM0 can be
realized as a von-Neumann subalgebra of B(K0), however its commutant in B(K0)
could be different from commutant M′0 taken in B(K).
Since endomorphism Λ(X) =
∑
k πψ(sk)Xπψ(s
∗
k) preserves π(UHFd)
′′, τ also
preserves M0. Let φ0 be the restriction of φ to M0. Thus (M0, τn, n ≥ 1, φ0) is
a quantum dynamical system [Mo2] of a completely positive map τ on M0 with a
faithful normal invariant state φ0.
Let ω′ be a λ-invariant state on the UHFd sub-algebra of Od. Following [BJKW,
section 7] and ω be the inductive limit state ω of M ≡ ˜UHFd ⊗ UHFd. In other
words ω′ = ωR once we make the identification UHFd with MR. We consider the
set
Kω = {ψ : ψ is a state on Od such that ψλ = ψ and ψ|UHFd = ωR}
By taking invariant mean on an extension of ωR to Od, we verify that Kω is non
empty and Kω is clearly convex and compact in the weak topology. In case ω is an
ergodic state ( extremal state ) then, ωR is as well an extremal state in the set of
λ-invariant states of M. Thus Kω is a face in the λ invariant states. Now we recall
Lemma 7.4 of [BJKW] in the following proposition which quantifies what we can
gain by considering a factor state on Od instead of its restriction to UHFd.
Proposition 2.3. Let ω be an ergodic state of M. Then ψ ∈ Kω is an extremal
point in Kω, if and only if ψ is a factor state. Moreover any other extremal point in
Kω is of the form ψβz for some z ∈ S1 and H = {z ∈ S1 : ψβz = ψ} is independent
of the extremal point ψ ∈ Kω.
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In Proposition 2.1 (b) we have taken an arbitrary element ψ ∈ Kω to find a
Popescu element P = (K, vi ∈ M, 1 ≤ i ≤ d, ζω) in its support projection and
arrived at a representation of ω given by
(32) ω(|ei1〉〈ej1 |
(1) ⊗ |ei2〉〈ej2 |
(2) ⊗ ....⊗ |eik〉〈ejk |
(k) ⊗ 1⊗ 1..) = φ(vIv
∗
J ),
where I = (i1, i2, .., ik) and J = (j1, j2, .., jk). However, such a representation
need not be unique even upto unitary conjugation unless Kω is a singleton set.
Nevertheless by Proposition 2.3 for a factor state ω, two extreme points ψ and ψ′
in Kω being related by ψ
′ = ψβz for some z ∈ S1, the Popescu elements P =
{K, vk : 1 ≤ k ≤ d,
∑
k vkv
∗
k = IK} and P
′ = {K′, v′k : 1 ≤ k ≤ d,
∑
k v
′
k(v
′
k)
∗ =
IK′} associated with support projections of ψ and ψ′ in πψ(Od)′′ and πψ′(Od)′′
respectively are unitary equivalent modulo a gauge modification i.e. by Proposition
2.1 there exists a unitary operator u : K → K′ and z ∈ S1 so that uv′ku
∗ = zvk
for all 1 ≤ k ≤ d. We include more details in the following. We define a unitary
operator U : Hψ′ → Hψ by extending the inner product preserving map
Uπψ′(x)ζψ′ = πψ(βz(x))ζψ
for all x ∈ Od. So by our construction, we have
Uπψ′(x)U
∗ = πψ(βz(x))
for all x ∈ Od. In particular, UP
′U∗ = P , where P = [πψ(Od)
′ζψ ] and P
′ =
[πψ′(Od)′ζψ′ ].
We set unitary operator u : K → K′ defined by
u = PUP ′
to conclude that
u(v′)∗ku
∗
= PUP ′πψ′(s
∗
k)P
′U∗P
= PUπψ′(s
∗
k)P
′U∗P
= PUπψ′(s
∗
k)U
∗UP ′U∗P
= PUπψ′(s
∗
k)U
∗P
= Pπψ(z¯s
∗
k))P
= z¯v∗k
for all 1 ≤ k ≤ d.
In other words we find a one-one correspondence between
(33) ω ⇔ ωR ⇔ K
ext
ω ⇔ Pext ⇔ (M, τ, φ)
modulo unitary conjugations and phase factors, where Kextω is the set of extreme
points in Kω and Pext is the set of Popescu elements associated with extreme
points ψ of Kω on their support projections of the states given as in Proposition
2.1. Furthermore, for the support projection P = [πψ(Od)′ζψ ], we have βz(P ) = P
for all z ∈ H . Hence by Proposition 2.2 (b), we have P ∈ πψ(UHFd)′′. So M0 =
Pπψ(UHFd)
′′P is a von-Neumann algebra in its own right and M0 ⊆ M and τ
takes elements of M0 to itself denoted by τ0 : Mo → M0. Thus (M0, τn0 , φ0) is
a semi-group of unital completely positive maps with a faithful normal invariant
state φ0, the restriction of φ to M0 and such a triplet (M0, τ
n
0 , φ0) is canonically
associated with the state ω modulo unitary conjugation. Thus it is natural to expect
that various properties of ω are related to asymptotic properties of (M0, τn0 , φ0).
We have already explored purity of ω in [Mo2] to find its precise relation with
the asymptotic behaviour of the dynamics (M0, τn0 , φ0) as n → ∞. Along with
(M0, τn0 , φ0), asymptotic behaviour of the dual dynamics (M
′
0, τ˜
n
0 , φ0) ( defined
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by D Petz [OP] following a work of Accardi-Cecchini [AC] ) also played an important
role in our analysis. We now recall the details of it and explain how it is related to
symmetry (5) of ω.
Since φ is a faithful state, ζφ ∈ K is a cyclic and separating vector for M and
the closure of the closable operator S0 : aζφ → a∗ζφ, a ∈ M, S possesses a polar
decomposition S = J∆1/2, where J is an anti-unitary and ∆ is a non-negative self-
adjoint operator on K. M. Tomita [BR] theorem says that ∆itM∆−it =M, t ∈ R
and JMJ = M′, where M′ is the commutant of M. We define the modular
automorphism group σ = (σt, t ∈ T) on M by
σt(a) = ∆
ita∆−it
which satisfies the modular relation
φ(aσ− i
2
(b)) = φ(σ i
2
(b)a)
for any two analytic elements a, b for the group of automorphisms (σt). A more
useful modular relation used frequently in this paper is given by
(34) φ(σ− i
2
(a∗)∗σ− i
2
(b∗)) = φ(b∗a)
which shows that J aζφ = σ− i
2
(a∗)ζφ for an analytic element a for the auto-
morphism group (σt). Anti unitary operator J and the group of automorphism
σ = (σt, t ∈ R) are called conjugate operator and modular automorphisms associ-
ated with φ respectively.
The state φ(a) = 〈ζφ, xζφ〉 on M being faithful and invariant of τ : M → M,
we find a unique unital completely positive map τ˜ : M′ →M′ ([section 8 in [OP]
) satisfying the duality relation
(35) 〈bζφ, τ(a)ζφ〉 = 〈τ˜ (b)ζφ, aζφ〉
for all a ∈ M and b ∈ M′. For a proof, we refer to section 8 in the monograph
[OP] or section 2 in [Mo2].
Since τ(a) =
∑
1≤k≤d vkav
∗
k, x ∈M is an inner map i.e. each vk ∈M, we have
an explicit formula for τ˜ as follows: For each 1 ≤ k ≤ d, we set contractive operator
(36) v˜k = J σ i
2
(v∗k)J ∈M
′
That v˜k is indeed well defined as an element in M′ given in section 8 in [BJKW].
By the modular relation (23), we have
(37)
∑
k
v˜kv˜
∗
k = IK and τ˜ (b) =
∑
k
v˜kbv˜
∗
k, b ∈ M
′
Moreover, if I˜ = (in, .., i2, i1) for I = (i1, i2, ..., in), we have
v˜∗I ζφ
= J σ i
2
(vI˜)
∗J ζφ
= J∆
1
2 vI˜ζφ
= v∗
I˜
ζφ
and
(38) φ(vIv
∗
J ) = φ(v˜I˜ v˜
∗
J˜
), |I|, |J | <∞
We also set M˜ to be the von-Neumann algebra generated by {v˜k : 1 ≤ k ≤ d}.
Thus M˜ ⊆M′.
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Since S0βz(a)ζφ = βz(a
∗)ζφ for all a ∈ M, we have S0uz = uzS0 onMζφ. Once
again by uniqueness of polar decomposition for S = J∆
1
2 , we get uzJ u∗z = J and
uz∆
1
2u∗z = ∆
1
2 . However, if we write
uz =
∑
k∈Hˆ
zkPk
and then
J uzJ
= J (
∑
k∈Hˆ
zkPk)J
=
∑
k∈Hˆ
z¯kJPkJ
=
∑
k∈Hˆ
zkJPk−1J
So JPkJ = Pk−1 for all k ∈ Hˆ . In particular, J commutes with Pk if and only if
k = k−1.
Furthermore, since E =
∫
z∈H
βzdz is a norm one projection ( i.e. a unital
completely positive map E : M → M0 satisfying the bi-module property, i.e.
E(zxy) = zE(x)y, x ∈ M, z, y ∈ M0 ) from M to the fixed point von-Neumann
sub-algebraM0 ofM, the modular group of automorphisms (σt) keepM0 invariant
i.e. σt(M0) =M0 for all t ∈ R by a Theorem of M. Takesaki [Ta]. Note also that
M0 = Pπ(UHFd)′′P as a von-Neumann algebra with its cyclic space K0 = [M0ζφ].
Thus, we have von-Neumann algebra M0 acting on K0 and the unital completely
positive map τ0 : a → τ(a), a ∈ M0 admits a faithful normal invariant state φ0
on M0 which is the restriction of φ to M0. Thus (M0, τ0, φ0) admits an adjoint
completely positive map satisfying the duality relation given below:
(39) 〈bζφ, τ0(a)ζφ〉 = 〈τ˜0(b)ζφ, aζφ〉
for all a ∈ M0, b ∈ M′0, where M
′
0 is the commutant of M0 in B(K0).
A non-trivial symmetry of ω will determine a unique affine map on Kω and thus
taking an extremal element of Kω to another extremal element of Kω. Since asso-
ciated family of Poposecu elements on support projections of an extremal element
are determined uniquely modulo a unitary conjugation, each symmetry will give
rises to an undetermined unitary operator intertwining family of Popescu elements
modulo a gauge group action. Basic strategy here is to find an algebraic relation be-
tween Cuntz state ψ and associated family of Popescu elements (K, vk : 1 ≤ k ≤ d)
in its support projection with its dual Cuntz state ψ˜ associated with dual family
of Popescu elements (v˜k, 1 ≤ k ≤ d). While studying symmetry (5) of ω, we need
equality of the support projections of ψ and ψ˜ in order to find an algebraic relations
between their family of Popescu elements. To that end we recall results from [Mo3]
in the next paragraph.
Let O˜d be an another copy of Cuntz algebra Od and π be the Popescu’s pre-
scription [Po] (Theorem 5.1 in [BJKW] or Proposition 2.1 in [Mo3]) of a minimal
Stinespring representation π : O˜d → B(H˜) associated with the completely positive
map s˜I s˜
∗
J → v˜I v˜
∗
J , |I|, |J | <∞ so that
Pπ(s˜∗i )P = π(s˜
∗
i )P = v˜
∗
i
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Furthermore, we have a dual state ψ˜ of O˜d, defined by
ψ˜(s˜I s˜
∗
J) = 〈ζω , S˜I S˜
∗
Jζω〉
(40) = φ(v˜I v˜
∗
J )
However, by the converse part of Proposition 2.1, P : H˜ → K is also the support
projection of ψ˜ in π(O˜d)′′, if and only if
{y ∈ B(K) :
∑
k
v˜kyv˜
∗
k = y} = M˜
′
We may define dual λ˜-invariant state ψ˜ in the following method as well. Let ψ
be a λ-invariant state on Od. Let ψ˜ be the state on O˜d, which is another copy of
Od, defined by
(41) ψ˜(s˜I s˜
∗
J ) = ψ(sI˜s
∗
J˜
)
for all |I|, |J | < ∞. That ψ˜ is well defined and coincide with our earlier definition
of dual state ψ˜ given in (33) follows once we check by (31) that
ψ(sI˜s
∗
J˜
) = φ(vI˜v
∗
J˜
) = φ(v˜I v˜
∗
J )
for all |I|, |J | <∞. We refer [Mo2], for further details.
Following [BJKW] and [Mo2], we consider the amalgamated tensor productH⊗K
H˜ of H with H˜ over the joint subspace K. It is the completion of the quotient of
the set
CI¯ ⊗ CI ⊗K,
where I¯ , I both consisting of all finite sequences with elements in {1, 2, .., d}, by the
equivalence relation defined by a semi-inner product defined on the set by requiring
〈I¯ ⊗ I ⊗ f, I¯J¯ ⊗ IJ ⊗ g〉 = 〈f, v˜J¯vJg〉,
〈I¯ J¯ ⊗ I ⊗ f, I¯ ⊗ IJ ⊗ g〉 = 〈v˜J¯f, vJg〉
and all inner product that are not of these form are zero. We also define two com-
muting representations (Si) and (S˜i) of Od onH⊗KH˜ by the following prescription:
SIλ(J¯ ⊗ J ⊗ f) = λ(J¯ ⊗ IJ ⊗ f),
S˜I¯λ(J¯ ⊗ J ⊗ f) = λ(J¯ I¯ ⊗ J ⊗ f),
where λ is the quotient map from the index set to the Hilbert space. Note that
the subspace generated by λ(∅ ⊗ I ⊗ K) can be identified with H and earlier SI
can be identified with the restriction of SI defined here. Same is valid for S˜I¯ . The
subspace K is identified here with λ(∅⊗∅⊗K). Thus K is a cyclic subspace for the
representation
s˜j ⊗ si → S˜jSi
of O˜d⊗Od in the amalgamated Hilbert space. Let P be the projection on K. Then
we have
S∗i P = PS
∗
i P = v
∗
i
S˜∗i P = PS˜
∗
i P = v˜
∗
i
for all 1 ≤ i ≤ d. We sum up result required in the following proposition.
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Proposition 2.4. Let ψ be an extremal element in Kω and (K, vk, 1 ≤ k ≤ d)
be the Popescu elements in the support projection of ψ in π(Od)′′ described in
Proposition 2.1 and (K, v˜k, 1 ≤ k ≤ d) be the dual Popescu elements and π be the
amalgamated representation of O˜d ⊗Od. Then the following holds:
(a) For any 1 ≤ i, j ≤ d and |I|, |J | <∞ and |I¯|, |J¯ | <∞
〈ζψ , S˜I¯ S˜
∗
J¯SiSIS
∗
JS
∗
j ζψ〉 = 〈ζψ , S˜iS˜I¯ S˜
∗
J¯ S˜
∗
jSIS
∗
Jζψ〉;
(b) The state ψ : x→ 〈ζψ , xζψ〉 defined on ˜UHFd⊗UHFd is equal to ω on M, where
we have identified
M ≡M(−∞,0] ⊗M[1,∞) ≡ ˜UHFd ⊗UHFd;
with respect to an orthonormal basis e = (ei) of C
d.
(c) π(O˜d ⊗Od)′′ = B(H˜ ⊗K H) and M∨M˜ = B(K);
(d) If ω is a factor state then π(OHd ))
′′ = π(UHFd)
′′ and π(O˜Hd )
′′ = π(UHFd)
′′;
(e) Let E and E˜ be the support projection of vector state given by ζψ in π(Od)′′ and
π(O˜)d)′′ respectively i.e. E = [π(Od)′ζψ] and E˜ = [π(O˜d)′ζψ ]. If F = [π(Od)′′ζψ ]
and F˜ = [π(O˜d)′′ζψ] then, the following statements are equivalent:
(i) ω is pure;
(ii) E = F˜ and E˜ = F ;
(iii) P = E˜F ;
(iv) M˜′ = B(K)τ˜ ;
(v) πω(MR)
′ = πω(ML)
′′ (Haag duality) in the GNS space (Hω, πω , ζω) associated
with the state ω of M.
In such a case ( i.e. if ω is pure ) M′ = M˜ as von Neumann sub-algebra of
B(K), M′0 = M˜0 as von-Neumann sub-algebra of B(K0) and M0 ∨ M˜0 = B(K0).
Furthermore, M˜ = Pπ(O˜d)′′P and M˜0 = Pπ( ˜UHFd)′′P .
Proof. For (a)-(d) we refer to Proposition 3.1 and Proposition 3.2 in [Mo3].
For (e) we refer to Theorem 3.6 in [Mo3].
Remark 2.5. Let ω be a translation invariant factor state of M and ψ be an
extremal element in Kω. Thus ψ is a factor state and
πψ(UHFd)
′′ = {βz(X) = X ;X ∈ πψ(Od)
′′∀z ∈ H}
by Proposition 2.2 (b). The support projection P = [πψ(Od)′ζψ of the state ψ in an
element in πψ(Od)′′ satisfies βz(P ) = P for all z ∈ H}. The group of automorphism
βz : πψ(O)′′ → πψ(Od)′′ has a natural restriction on M = Pπψ(Od)′′P , defined by
βz : a→ βz(PaP ) for all x ∈ M. In particular, we have βz(a) = a for all a ∈ M0,
where M0 is a von-Neumann sub-algebra of M defined by M0 = Pπψ(UHFd)′′P .
It is simple to show
M0 = {x ∈M : βz(x), ∀z ∈ H}
Suppose βz(a) = a for some a ∈ M then βz(PaP ) = βz(P )βz(a)βz(P ) = PaP and
PaP ∈ πψ(Od)′′. Thus PaP ∈ πψ(UHFd)′′. Since a = P (PaP )P , we conclude
that a ∈M0.
Remark 2.6. Let ω be also pure. Then P = EE˜ and F0πω( ˜UHFdUHFd)
′′F0 is
the algebra of all bounded operators on the closed subspace F0 = [πω( ˜UHFdUHFd)
′′ζψ].
Since E ∈ πψ(Od)′′ and E˜ ∈ ψψ(O˜d)′′, we can verify the following equalities:
Pπω(s˜I′ s˜
∗
J′ ⊗ sIs
∗
J )ζψ
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= E˜E(S˜I′ S˜
∗
J′SIS
∗
J )E˜Eζψ
= EE˜(S˜I′ S˜
∗
J′EE˜SIS
∗
J )E˜Eζψ
= v˜I′ v˜
∗
JvIv
∗
Jζψ
for all |I ′|, |J ′|, |I| and |J | < ∞. In particular, we get PF0 = P0 since P0 = {f ∈
K : uzf = f, ∀z ∈ H} and P0 = [M0ζψ]. Thus, we have P0 = PF0 = F0P .
The von-Neumann algebra P0M˜0 ∨ MP0 is equal to the algebra of all bounded
operators on P0. Thus both P0MP0 and P0M˜P0 are factors acting on P0. Let x
be an element in the centre ofM0. Then x commutes with P0 and all operators in
M0 ∨ M˜. In particular, x commutes with all operators in P0M0 ∨ M˜0P0. Thus
pure property of ω ensures xP0 = λP0 for some scaler λ ∈ C. Since elements in M˜
commutes with x and [M˜ζψ ] = K, we conclude x = λIK. This shows that M0 is a
factor if ω is a pure state of M.
Let X be an element in the centre of π(UHFd)
′′. Then X ∈ π( ˜UHFd ⊗ UHFd)
′
and X commutes with {Uz : z ∈ H}. The state ω being pure, {Uz : z ∈ H}′ =
{Uz : z ∈ H} ∨ π( ˜UHFd ⊗ UHFd)′′ by Proposition 3.4 (b) in [Mo2]. This shows
X ∈ {Uz : z ∈ H}′′ and thus X =
∑
k ckFk. where Uz =
∑
k∈Hˆ z
kFk is the SNAG
decomposition in H˜ ⊗K H as described in Proposition 3.4 in [Mo2]. But X also
commutes with elements in π(O˜d)
′′ and Λ˜(Fk) = Fk+1 and so ck = c for all k ∈ Hˆ
and thus X = cI. We conclude that π(UHF)′′ is also a factor if ω is pure.
Let G be a compact group and g → u(g) be a d−dimensional unitary representa-
tion of G. By γg, we denote the product action of G on the infinite tensor product
M induced by u(g),
γg(Q) = (..⊗ u(g)⊗ u(g)⊗ u(g)...)Q(...⊗ u(g)
∗ ⊗ u(g)∗ ⊗ u(g)∗...)
for any Q ∈M. We recall now that the canonical action of the group Ud(C) of d×d
matrices on Od is given by
βu(g)(sj) =
∑
1≤i≤d
siu(g)
i
j
and thus
βu(g)(s
∗
j ) =
∑
1≤i≤d
¯u(g)ijs
∗
i
Note that u(g)|ei >< ej |u(g)∗ = |u(g)ei >< u(g)ej| =
∑
k,l u(g)
l
i
¯u(g)
k
j |el ><
ek|, where e1, .., ed are the standard basis for Cd. Identifying |ei >< ej | with sis∗j ,
we verify that onMR the gauge action βu(g) of the Cuntz algebraOd and γg coincide
i.e. γg(Q) = βu(g)(Q) for all Q ∈ MR.
Proposition 2.7. Let ω be a translation invariant factor state on M. Suppose
that ω is G−invariant,
ω(γg(Q)) = ω(Q) for all g ∈ G and any Q ∈M.
Let ψ be an extremal point in Kω and (K,M, vk, 1 ≤ k ≤ d, φ) be the Popescu
system associated with (H, Si = π(si), ζψ), described as in Proposition 2.4. Then
we have the following:
(a) There exists a unitary representation g → Uˆ(g) in B(H˜ ⊗K H) and a represen-
tation g → ζ(g) ∈ S1 so that
(42) Uˆ(g)SiUˆ(g)
∗ = ζ(g)βu(g)(Si), 1 ≤ i ≤ d
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and
(43) Uˆ(g)S˜iUˆ(g)
∗ = ζ(g)βu(g)(S˜i), 1 ≤ i ≤ d
for all g ∈ G.
(b) There exists a unitary representation g → uˆ(g) in B(K) so that uˆ(g)Muˆ(g)∗ =
M for all g ∈ G and φ(uˆ(g)xuˆ(g)∗) = φ(x) for all x ∈ M. Furthermore, the
operator V ∗ = (v∗1 , .., v
∗
d)
tr : K → Cd ⊗ K is an isometry which intertwines the
representation of G,
(44) (ζ(g)uˆ(g)⊗ u(g))V ∗ = V ∗uˆ(g)
for all g ∈ G, where g → ζ(g) is the representation of G in U(1).
(c) J uˆ(g)J = uˆ(g) and ∆ituˆ(g)∆−it = uˆ(g) for all g ∈ G and t ∈ R.
(d) uzu(g) = u(g)uz for all g ∈ G and z ∈ H.
Proof. We recall from (18) that
λβg = βgλ
for all g ∈ G and ω being G-invariant, we have ψβg ∈ Kω for all ψ ∈ Kω and g ∈ G
and the map ψ → ψβg is an affine one to one and onto map on Kω. Thus ψβg is
an extremal element in Kω if and only if ψ is so.
Now we fix an extremal element in Kω. The state ω being a factor state, by
Proposition 2.3, any other extremal element ψ′ ∈ Kω is determined by ψ′ = ψβz
for some z ∈ S1.
The subgroup H = {z ∈ S1 : ψ = ψβz} of S1 being close, H is either S1 or a
finite cyclic subgroup. In case H = S1, by Proposition 2.3, Kω is having a unique
element and thus by our starting remark we have ψβg = ψ for all g ∈ G and ψ is
the unique extremal element in Kω. In such a case, we define unitary operator on
H˜ ⊗K H by
Uˆ(g)π(s˜I′ s˜
∗
J′ ⊗ sIs
∗
J)ζψ = π(βu(g)(s˜I′ s˜
∗
J′ ⊗ sIs
∗
J))ζψ
for all |I ′|, |J ′|, |I|, |J | <∞ and verify (a) with ζ(g) = 1 for all g ∈ G.
Now we are left to deal with the more delicate case. Let H = {z : zn = 1} for
some n ≥ 1. We define a unitary representation z → Uz of H on H˜ ⊗K H as in
Proposition 2.3 in [Mo3] by
Uzπ(s˜I′ s˜
∗
J′ ⊗ sIs
∗
J )ζψ = z
|I′|+|I|−|J|−|J′|π(s˜I′ s˜
∗
J′ ⊗ sIs
∗
J )ζψ
and write its spectral representation
Uz =
∑
1≤k≤n−1
zkFk
The mutually orthogonal family {Fk : 1 ≤ k ≤ n − 1} of projections satisfies in
particular ∑
0≤k≤n−1
Fk = I
By Proposition 2.4 (d), we have π(OHd )
′′ = π(UHFd)
′′ and π(O˜Hd )
′′ = π( ˜UHFd)
′′.
Thus for each 0 ≤ k ≤ n−1, the orthogonal projection Fk is spanned by the vectors
{S˜I′ S˜
∗
J′SIS
∗
JS
∗
Kζψ : |I
′| = |J ′|, |I| = |J |, and |K| = k}
SPONTANEOUS SU2(C) SYMMETRY BREAKING IN THE GROUND STATES OF QUANTUM SPIN CHAIN23
We set unitary operator U ′(g) on Fk : k ≥ 0 by
U ′(g)π(s˜I′ s˜
∗
J′sIs
∗
Js
∗
K)ζψ = π(βu(g)(s˜I′ s˜
∗
J′ ⊗ sIs
∗
Js
∗
K))ζψ
where |I ′| = |J ′|, |I| = |J | and |K| = k. It is a routine work to check that U ′(g)
is indeed an inner product preserving map on the total vectors in Fk using our
assumption that ω = ωβg on M. Thus each U
′(g) extends uniquely to a unitary
operator on H˜ ⊗K H and g → U ′(g) is a representation of G in H⊗K H˜.
For each g ∈ G the Popescu element (K, βu(g)(vk), 1 ≤ k ≤ d, ζψ) determines
an extremal point ψg ∈ Kω and thus by Proposition 2.3 there exists a complex
number ζ(g) with modulus 1 so that ψg = ψβζ(g). Note that for another such a
choice ζ′(g), we have ¯ζ(g)ζ′(g) ∈ H . As H is a finite cyclic subgroup of S1, we have
a unique choice once we take ζ(g) to be an element in the group S1/H which we
identify with S1. That g → ζ(g) is a representation of G in S1 = {z ∈ C : |z| = 1}
follows as the choice in S1/H of ζ(g) is unique. For each g ∈ G, we define a unitary
operator by
Uˆ(g) =
∑
0≤k≤n−1
ζ(g)kU ′(g)Fk
Both g → U ′(g) and g → ζ(g) being representations of G, we conclude that g →
U(g) is a unitary representation of G. So by our construction, we have
Uˆ(g)ζψ = ζψ
Uˆ(g)SiUˆ(g)
∗ = ζ(g)βu(g)(Si)
and
Uˆ(g)S˜iUˆ(g)
∗ = ζ(g)βu(g)(S˜i)
for all 1 ≤ i ≤ d.
By covariance relations (39), Uˆ(g)π(Od)′′Uˆ(g)∗ = π(Od)′′ and so Uˆ(g)π(Od)′Uˆ(g)∗ =
π(Od)′ for all g ∈ G. So Uˆ(g)FUˆ(g)∗ = F and Uˆ(g)EUˆ(g)∗ = E, where we recall
F = [π(Od)′′ζψ] and E = [π(Od)′ζψ]. Hence the support projection P = EF of the
state ψ in π(Od)′′F is also G invariant i.e. Uˆ(g)PUˆ(g)∗ = P for all g ∈ G. Thus
we define a unitary representation of g in K by g → uˆ(g) = PUˆ(g)P, g ∈ G. Hence
we have
uˆ(g)vj uˆ(g)
∗ = ζ(g)βu(g)(vj) = ζ(g)viu(g)
i
j
for all 1 ≤ j ≤ d, where we recall vj = PSjP . By taking adjoint of the equation
above, we get
uˆ(g)v∗j uˆ(g)
∗ = ¯ζ(g) ¯u(g)ijv
∗
i
for all 1 ≤ j ≤ d.
We are now left to prove (c). Since automorphism a → uˆ(g)auˆ(g)∗ on M pre-
serves the faithful normal state φ, it follows from a general theorem due to A.
Frigerio [Fr], see also [OP] that the modular group and conjugate operator asso-
ciated with φ commutes with the auto-morphism. Proof uses the fact that KMS
property uniquely determines modular group by a theorem of M. Takesaki [Ta2].
Otherwise also we can verify directly here that the densely defined closable Tomita
conjugation operator S0xζψ = x
∗ζψ for x ∈ M satisfies S0uˆ(g) = uˆ(g)S0 as their
actions on any typical vector vIv
∗
Jζψ are same by the covariance relation (41), where
S0xζψ = x
∗ζψ for x ∈ M. Hence by the uniqueness of the polar decomposition, we
conclude that (c) holds.
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3. Translation invariant lattice refection symmetry state with a twist r0
For a given u ∈ Ud(C), we extend the map β˜u : M → M defined in (7) to an
automorphism on O˜d ⊗Od, defined by
(45) β˜u(s˜I′ s˜
∗
J′ ⊗ sIs
∗
J ) = βu(s˜I s˜J ⊗ sI′s
∗
J′)
for all |I|, |J |, |I ′|, |J ′| < ∞ and then extend linearly for an arbitrary element of
O˜d ⊗Od. So we have
(46) β˜u = βuβ˜Id = β˜Idβu
For a given u ∈ Ud(C), we also extend the map Ju : M → M defined in (10) to
an anti-linear automorphism on O˜d ⊗Od, defined by
(47) Ju(s˜I′ s˜
∗
J′ ⊗ sIs
∗
J) = βu¯(s˜I s˜J ⊗ sI′s
∗
J′)
for all |I|, |J |, |I ′|, |J ′| < ∞ and then extend anti-linearly for an arbitrary element
of O˜d ⊗Od. So we have
(48) Ju = βu¯JId = JIdβu
So these maps are defined after fixing the orthonormal basis e = (ei), which have
identified ˜UHF ⊗ UHFd with ML ⊗MR = M as in Proposition 2.4 (b), where the
monomial given (21) is identified with the matrix given in (22).
For u,w ∈ Ud(C), we have
β˜uβ˜w
(49) = βuw
and so
β˜wβ˜u
= βwu
= βu¯w
(provided wu = u¯w)
(50) = β˜u¯β˜w
We make few simple observations in the following for u,w ∈ Ud(C):
JuJw
= βu¯JIdJIdβw
(51) = βu¯w,
and
Jwβu
= J
Id
βwβu
= J
Id
βwu
(52) = Jwu
Also
βuJw
= βuJIdβw
= J
Id
βu¯βw
= J
Id
βu¯w
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(53) = Ju¯w
i.e. Jw commutes with βu if wuw∗ = u¯.
By combining relations (52)-(53), we have the following identities
Jwβu
= Jwu by (52)
= Ju¯w (provided wuw
∗ = u¯)
(54) = βuJw by (53)
LetG be the simply connected Lie group SU2(C) and g → u(g) be a d−dimensional
unitary irreducible representation of G. Then there exists a r ∈ Ud(C) such that
(55) ru(g)r∗ = ¯u(g)
for all g ∈ G. The element r ∈ Ud(C) is determined uniquely modulo a phase factor
in S1. In particular any element
(56) rz = zr0, z ∈ S
1
satisfies (55), where we have fixed a r0 satisfying (55) with additional condition
(57) r20 = Id
In our notions r1 = r0. In such a case, r−1 = −r0 is the only other choice that
satisfies (55) and (57) instead of r0.
With such a choice for r0, we have
r¯0r0u(g)r
∗
0 r¯
∗
0
= r¯0 ¯u(g)r¯
∗
0
= r0u(g)r∗0
= u(g)
= u(g)
for all g ∈ G. So by the irreducible property of the representation g → u(g) and
commuting property r0r¯0 = r¯0r0, we conclude that r¯0r0 = µId, where µ is a real
number of modulus one. Thus r¯0 = µr0 as r
2
0 = Id. Taking determinants of
matrices on both sides of r¯0r0 = µId, we get µ
d = det(r0)det(r¯0) = |det(r0)|2 = 1.
This shows that µ = 1 if d is an odd integer. For even values of d, we make a direct
calculation to show µ = −1 as follows:
For d = 2, let σx, σy and σz be the Pauli matrices inM2(C) (see the last part of
section 4). The self-adjoint matrix σy is also a unitary matrix i.e. σ
2
y = I2 and
σyσxσy = −σx
and
σyσzσy = −σz
Since σx = σ¯x and σz = σ¯z , σy inter-twins e
itσx and eitσz with their conjugate
matrices e−itσx and e−itσz respectively for all t ∈ R. In contrast, since σ¯y = −σy,
we also get σy inter-twins e
itσy with e−itσy for all t ∈ R. So we set r0 = σy ( other
choice we can make for r0 is −σy) and verify directly that r¯0 = −r0 i.e. µ = −1 if
d = 2.
We write iσy = e
it0σy ∈ SU2(C), where t0 =
π
2 and verify that
u(eit0σy )u(g)u(e−it0σy )
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= u(iσy)u(g)u(iσy)
∗
= u((iσy)g(iσy)
∗)
= u(g¯)
Since su2(C) is a real Lie algebra that has unique Lie algebra extension to a complex
Lie algebra sl2(C), i.e. Lie algebra over the field of complex numbers, we also have
u(g¯) = ¯u(g)
for all g ∈ SU2(C) ( Lie-derivatives of the representations in both sides are equal
as element in sl2(C)). So we have
(58) u(eit0σy )u(g)u(e−it0σy ) = u(g)
If πu is the associated Lie-representation of su2(C), we have
u(eit0σy ) = eit0πu(σy)
for even integer values of d, whereas
u(eit0σy ) = e2it0πu(σy)
for odd integer values of d. Thus for an arbitrary even values of d, the unitary
matrix r0 = e
it0πu(σy)) satisfies (55) and (57). In contrast, for an arbitrary odd
values of d, the unitary matrix r0 = e
i2t0πu(σy) satisfies (55) and (57). In short,
µ = 1 if d is an odd integer and −1 if d is an even integer.
We write µ = ζ2 and set r0 ∈ Ud(C), such that
ζr0 = u(e
it0σy ) ∈ Ud(C),
where ζ2 = µ and so µ is 1 for odd values of d otherwise −1. In the last section, we
will recall standard explicit description of r0 and g → u(g) that satisfies (55) and
(57). Note also that rζ = ζr0 is a matrix with real entries irrespective of values
taken for d.
The irreducible property of the representation g → u(g) is only used to ensure
existence of a family of {rz ∈ Ud(C)} satisfying (55) and (57). But the irreducibil-
ity property is not necessary for a more general situation. As an example, same
relations are valid if we consider the representation g → u(g)⊗ u(g)⊗ ..⊗ u(g) in
a finite or infinite tensor product representation of an irreducible one g → u(g).
This observation is useful, when we investigate the present problem in a quasi one
dimensional lattice with
M(n) = ⊗j∈Z×ZnM
(j)
d
with Zn = {m : 0 ≤ m ≤ n− 1} or a higher dimensional latices say on
Mk = ⊗j∈ZkM
(j)
d
where Zk = Z× Z..× Z is the k dimensional lattice of integers.
Now we go back to our main text. So we have
(59) J 2rz (x) = βr¯zrz(x) = βµId(x)
for all x ∈ O˜d ⊗Od, where µ = 1 or −1 depending on d odd or even. In any case,
by (54) and (55), we also have
(60) Jrzβu(g) = βu(g)Jrz
for all g ∈ SU2(C).
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Let ω be a translation invariant factor state of M and ψ be an extremal element
in Kω. We define a state ψ0 : O˜d ⊗ Od → C by extending both ψ˜ : O˜d → C and
ψ : Od → C by
(61) ψ0(s˜I′ s˜
∗
J′ ⊗ sIs
∗
J) =< ζψ, v˜I′ v˜
∗
J′v
∗
Iv
∗
Jζψ >
for all |I ′|, |J ′|, |I| and |J | < ∞. Proposition 2.4 says that (H˜ ⊗K H, π, ζψ) is the
GNS representation (Hψ0 , πψ0 , ζψ0) of (O˜d⊗Od, ψ0). For details, we refer to [Mo2].
Let ω be also SU2(C) invariant with a unitary representation (need not be ir-
reducible) g → u(g) on Cd satisfying (13). Let ψ be an extremal element in Kω.
Then by Proposition 2.3, ψβu(g) = ψβχ(g)Id on Od for some unique χ(g) ∈ S
1/H .
Since βu(g)βu(h) = βu(gh), the map g → χ(g) is a character on SU2(C). The group
SU2(C) being simply connected, the character is a trivial map. So
(62) ψβu(g) = ψ
for all g ∈ SU2(C). Since ψ˜ is also an extremal element in Kω˜, along the same
argument we get
(63) ψ˜βu(g) = ψ˜
for all g ∈ SU2(C). One can verify (63) directly as well, since ψ˜βu = ˜ψβu for any
u ∈ Ud(C). Furthermore, for ψβu = ψ, we verify the following steps:
ψ0(βu ⊗ βu(s˜I′ s˜
∗
J′ ⊗ sIs
∗
J ))
= φ(βu(v˜I′ v˜
∗
J′vIv
∗
J )
= φ(βu(vI˜′vIv
∗
Jv
∗
J˜′
))
= φ(vI˜′vIv
∗
Jv
∗
J˜′
))
= φ(v˜I′ v˜
∗
J′vIv
∗
J)
= ψ0(s˜I′ s˜
∗
J′sIs
∗
J )
for |I ′|, |J ′|, |I| and J | <∞. Thus
(64) ψ0βu(g) ⊗ βu(g) = ψ0
for all g ∈ SU2(C).
We also compute the following elementary equalities for ψ = ψβu for u ∈ Ud(C):
ψ0β˜u
= ψ0βuβ˜Id
= ψ0β˜Id
Thus we have
ψ0β˜u(g) = ψ0β˜Id
for all g ∈ SU2(C).
We assume further now that the the state ω satisfies
(65) ωβr0(Q˜) = ω(Q)
for all Q ∈ M. Since the state ω is G = SU2(C)-invariant state and ζr0 ∈ u(G),
we have ωβr0 = ω on M. In particular, the state ω is lattice symmetric (twist free)
state of M i.e.
(66) ω(Q˜) = ω(Q)
for all Q ∈M.
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The dual state ψ˜ on Od defined by
ψ˜(sIs
∗
J ) = ψ(sI˜s
∗
J˜
)
for all |I|, |J | <∞ is also an extremal element inKω. Thus there exists a ζ0 ∈ S1/H
so that
(67) ψ˜ = ψβζ0
Since
˜˜
ψ = ψ and ˜ψβz = ψ˜βz for any z ∈ S1, we conclude that ζ20 ∈ H .
Proposition 3.1. Let ω be a translation and SU(2)-invariant factor state of M
with (need not be irreducible) a representation g → u(g) satisfying (13). Let ψ be
an extremal element in Kω and ψ˜ be the dual state of ψ of Od, defined by
ψ˜(sIs
∗
J ) = ψ(sI˜s
∗
J˜
)
for all |I|, |J | < ∞ and consider the amalgamated state ψ0 on O˜d ⊗Od. Then the
following holds:
(a) ψβu(g) = ψ on Od;
(b) ψ˜βu(g) = ψ˜ on O˜d;
(c) ψ0βu(g) = ψ0 on O˜d ⊗Od for all g ∈ SU2(C);
(d) ψ0βrζ = ψ0 on O˜d ⊗Od, where rζ = ζr0 ∈ u(SU2(C)).
Let ω be also reflection symmetric with the twist r0. Then ω is also reflection
symmetric state of M and there exists a ζ0 ∈ S1/H such that ζ20 ∈ H and
(e) ψ˜ = ψβζ0 on Od;
(f) ψ0β˜u(g) = ψ0βζ0 on O˜d ⊗Od for all g ∈ SU2(C);
(g) ψ0β˜rζ = ψ0βζ0 on O˜d ⊗Od, where rζ = ζr0 ∈ u(SU2(C)).
Proof. We have already proved (a), (b), (c) and (e). (d) is a spacial case of (c)
with u(iσy) = rζ .
For (f) we verify the following steps:
ψ0β˜u(g)
= ψ0βu(g)β˜Id
= ψ0β˜Id
Thus it is good enough, if we verify (f) only for g = Id as follows:
ψ0β˜Id (s˜I′ s˜
∗
J′ ⊗ sIs
∗
J )
= ψ0(s˜I s˜
∗
J ⊗ sI′s
∗
J′)
= φ(v˜IvI′v
∗
J′ v˜
∗
J)
= φ(vI˜vI′v
∗
J′v
∗
J˜
)
= ψ(sI˜sI′s
∗
J′s
∗
J˜
)
= ψ˜(sI˜′sIs
∗
Js
∗
J˜′
)
= ψβζ0(sI˜′sIs
∗
Js
∗
J˜′
)
= ψβζ0(vI˜′vIv
∗
Jv
∗
J˜′
)
= ψβζ0(v˜I′vIv
∗
J v˜
∗
J′)
= ψ0βζ0(s˜
∗
I′ s˜
∗
J′ ⊗ sIs
∗
J)
for all |I ′|, |J ′|, |I| and |J | <∞.
(g) is a spacial case of (f) with u(iσy) = rζ .
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4. Real and lattice reflection-symmetric with the twist r0 invariant state
Now we recall from [Mo3] another useful symmetry on ω. If Q = Q
(l)
0 ⊗ Q
(l+1)
1 ⊗
.... ⊗ Q
(l+m)
m , we set Qt = Qt
(l)
0 ⊗ Q
t(l+1)
1 ⊗ .. ⊗ Q
t(l+m)
m , where Q0, Q1, ..., Qm
are arbitrary elements inMd and Q
t
0, Q
t
1, .. stands for transpose with respect to an
orthonormal basis (ei) for C
d (not complex conjugate) of Q0, Q1, .. respectively. We
define Qt by extending linearly for any Q ∈ Bloc. For a state ω on B, we define a
state ω¯ on B by the following prescription
(68) ω¯(Q) = ω(Qt)
Thus the state ω¯ is a translation-invariant, ergodic, factor state, if and only if ω is a
translation-invariant, ergodic, factor state respectively. We say ω is real if ω¯ = ω.
In this section we study a translation-invariant real state.
For a λ invariant state ψ on Od, we define a λ invariant state ψ¯ as in [Mo3] by
(69) ψ¯(sIs
∗
J ) = ψ(sJs
∗
I)
for all |I|, |J | <∞ and extend linearly. For details, we refer to section 3 in [Mo3].
Proposition 4.1. Let ω be a real, lattice symmetric translation invariant pure
state of M. Then there exists an extremal element ψ in Kω, so that ψ˜ = ψβζ0
and ψ¯ = ψβζ0 . Let (K,M, vk, 1 ≤ k ≤ d, φ) be the Popescu element of ψ given as
in Proposition 2.4. Then there exists a unique unitary operator γ on K such that
γζψ = ζψ and
(70) γ(
∑
cI′J′,I,J v˜I′ v˜
∗
J′vIv
∗
J))γ
∗ =
∑
cI′,J′,I,JJ v˜I v˜JvI′v
∗
J′J
for all I ′|, |J ′|, |I| and |J | <∞, where γ is also self adjoint, commuting with modular
elements ∆
1
2 ,J . However, γuz = uz¯γ for all z ∈ H.
Furthermore, the map Jγ : H⊗K H˜ → H ⊗K H˜, defined by
(71) π(sIs
∗
J s˜I′ s˜
∗
J′)ζψ → π(sI′s
∗
J′ s˜I s˜
∗
J)ζψ
for all |I|, |J |, |I ′|, |J ′| < ∞ and then extending anti-linearly on their linear span,
extends the anti-unitary map J γ : K → K to an anti-unitary map on H˜ ⊗K H so
that J 2γ = I and
π(JId(x)) = Jγπ(x)Jγ
for all x ∈ O˜d ⊗Od.
Proof. The state ω being lattice symmetric and real, as in Theorem 3.4 in
[Mo3], we can fix an extremal point ψ ∈ Kω such that ψ˜ = ψβζ0 and ψ¯ = ψβζ0 ,
where ζ0 ∈ {1, e
ipi
n } and ζ20 ∈ H . Thus (70) and (71) holds for some unitary operator
γ on K by Theorem 3.4 in [Mo3]. That J 2γ = I is obvious from the symmetry of
the definition.
Since uz commutes with J for z ∈ H , we have the following identities:
γuzviu
∗
zγ
∗
= zγviγ
∗
= zJ v˜iJ
= J z¯v˜iJ
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= J uz¯ v˜iu
∗
z¯J
= uz¯J v˜iJ u
∗
z¯
= uz¯γviγ
∗u∗z¯
for all 1 ≤ i ≤ d. This shows γ∗uz¯γuz ∈ M′. Since γ and uz commutes with J ,
γ∗uz¯γuz ∈ JM
′J = M. M being a factor, γ∗uz¯γuz is a scaler multiple of the
identity operator on K. However uzζψ = ζψ = γζψ and so the scaler is 1. Thus we
conclude that uzγ = uz¯γ for all z ∈ H .
Remark 4.2. Theorem 3.4 as well as Theorem 3.5 in [Mo3] includes a faulty
proof for γuz = uzγ for z ∈ H . However, the statement with faulty proof is not
used in proving the rest of the statements of Theorem 3.4 and Theorem 3.5 in
[Mo3]. Proof for the main result Theorem 1.3 of the paper [Mo3] did not use the
faulty statement.
Let ω, ψ be as in Proposition 4.1 and ω be also SU2(C) invariant. By Proposition
3.1, we have ψ0βu(g) = ψ0 for all g ∈ SU2(C) on O˜d ⊗Od. Since rζ = u(iσy), there
exists a unitary operator rˆζ : H˜ ⊗K H → H˜ ⊗K H such that rˆζζψ = ζψ and
Adrˆζ (π(x)) = π(βrζ (x))
for all x ∈ O˜d ⊗Od.
We recall for each z ∈ H ,
AdUz (π(x)) = π(βz(x))
for all x ∈ O˜d ⊗Od.
We consider the anti-automorphism Jˆγrζ on B(H˜ ⊗K H), defined by
Jˆγrζ (X) = Jγ rˆζXrˆ
∗
ζJγ
and verify the following
Jˆγrζ (π(s˜I′ s˜J′sIs
∗
J))
= Jγπ(βrζ (s˜I′ s˜J′sIs
∗
J)))Jγ
= βr¯ζ (Jγπ(s˜I′ s˜J′sIs
∗
J )J
∗
γ )
= βr¯ζ (π(JId (s˜I′ s˜J′sIs
∗
J )))
= π(Jrζ (s˜I′ s˜J′sIs
∗
J ))
Proposition 4.3. Let ω, ψ be as in Proposition 4.1 and ω be also SU2(C) in-
variant. Then the anti-automorphism Jrζ on O˜d ⊗Od induces a well defined anti-
automorphism map Jˆrζ on π(O˜d ⊗Od)
′′ by
(72) Jˆrζ (π(x)) = π(Jrζ (x))
for all x ∈ O˜d ⊗Od and
Jˆrζ = Jˆγrζ
i.e.
(73) Jˆrζ (X) = Jγ rˆζXrˆ
∗
ζJγ
for all X ∈ π(O˜d⊗Od)′′. Furthermore, Jˆrζ (P ) = P and the corner anti-automorphism,
defined by
Jˆrζ (a) = P Jˆrζ (PaP )P
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for all a ∈ B(K) satisfies the following:
(74) Jˆrζ (a) = J γrˆζarˆ
∗
ζγ
∗J
for all a ∈ B(K). Furthermore, we have the following consequences:
(a1) Jˆ 2rζ = βµ;
(a2) βr¯ζ (S˜I S˜
∗
JSI′S
∗
J′)Jγ rˆζ = Jγ rˆζSIS
∗
J S˜I′ S˜
∗
J′ for all |I
′|, |J ′|, |I| and J | <∞.
(a3) AdUˆ(g)Jˆrζ = JˆrζAdUˆ(g)for all g ∈ SU2(C);
(b1) Ad2γrζ
= βζ2Id , where γrζ = γrˆζ commutes with modular elements J and ∆
1
2 ;
(b2) βr¯ζ (v˜I v˜
∗
JvI′v
∗
J′)J γrζ = J γrζvIv
∗
J v˜I′ v˜
∗
J′ for all |I
′|, |J ′|, |I| and J | <∞;
(b3) γrζ commutes the representation {uˆ(g) : g ∈ SU2(C)};
There exists a unique unitary operator Γζr and an anti-unitary operator ex-
tending J on H˜ ⊗K H extending unitary γrζ : K → K and anti-unitary operator
J : K → K respectively such that
(c1) Ad2Γrζ
= βζ2 ; AdΓrζ acts on π(Od)
′′ and π(UHFd)
′′ ( π(O˜d)
′′ and (π( ˜UHFd)
′′
) respectively;
(c2) βr¯ζ (S˜I S˜
∗
JSI′S
∗
J′)J Γrζ = J ΓrζSIS
∗
J S˜I′ S˜
∗
J′ for all |I
′|, |J ′|, |I| and J | <∞;
(c3) Γrζ and J commutes the representation {Uˆ(g) : g ∈ SU2(C)};
(c4) Let d be an even integer then Aduˆ(rζ)(x) = x if Adγrζ (x) = x for x ∈ B(K).
Similarly AdUˆ(rζ)(X) = X if AdΓrζ (X) = X for X ∈ B(H),B(H˜) or B(H˜ ⊗K H).
Proof. Since J 2rζ = βr¯ζrζ = βζ2Id on O˜d ⊗Od by (51), we have
Jˆ 2rζ (π(x))
π(J 2rζ (x))
= βζ2I
d
(π(x))
for all x ∈ O˜d ⊗Od. Thus (a1) is true.
Since J uˆg = uˆgJ for all g ∈ SU2(C), J commutes with uˆ(iσy) = ˆ¯rζ . We check
the following equalities:
J γ ˆ¯rζJ γ ˆ¯rζ
= γJ ˆ¯rζJ γ ˆ¯rζ
= γJJ ˆ¯rζγ ˆ¯rζ
= γ ˆ¯rζγ ˆ¯rζ
Thus
Jˆ 2rζ = Ad
2
γζ
Since Jˆ 2rζ = βζ2Id , (b1) follows.
For (a2), we recall for any u ∈ Ud(C)
Ju(sk)
= βu¯JId (sk)
= βu¯(s˜k)
Thus
Jˆrζ (π(sk)) = βr¯ζ (π(s˜k))
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Now we verify the following simple identities:
βr¯ζ (v˜k)Jγ rˆζ
= Pβr¯ζ (π(s˜k)PJγ rˆζP
= Pπ(βr¯ζ (s˜k)Jγ rˆζP
= PJγ rˆζπ(sk)P
= PJγ rˆζPπ(sk)P
= Jγ rˆζvk
The statement (b2) is a simple consequence of (a2). That γrζ commutes with
modular element is obvious since both γ and rˆζ commutes with modular elements.
The statement (a3) is a simple consequence of the inter-twinning relation (60)
once used in (72). Since uˆ(g) commutes with J by Proposition 2.7 (c), (b3) is a
simple consequence of (a3).
Now we aim to prove (c1)-(c4). To that end, we consider the minimal Popescu
dilation for the elements (J v˜iJ : 1 ≤ i ≤ d) in M to find Cuntz elements say
(Ti : 1 ≤ i ≤ d) acting on a Hilbert space HT such that
(75) T ∗i P = PT
∗
i P = J v˜
∗
i J
for 1 ≤ i ≤ d satisfying usual cyclic property as described in Proposition 2.1.
Now we also consider its dual Popescu elements i.e. (J viJ ) in M˜ and its minimal
dilation to find dual Cuntz elements (T˜i) acting on H˜T . We repeat the construction
for the amalgamated Hilbert space H˜T ⊗ HT and representation πT : O˜d ⊗Od →
B(H˜T ⊗K HT ) as in section 2.
Since the unitary operator γζr on K inter-twins Popescu elements (βrζ (J v˜iJ ) :
1 ≤ i ≤ d) and (vi) : 1 ≤ i ≤ d) by (b2), Theorem 5.1 in [BJKW] i.e. Proposition
2.1 (e) ensures a unique unitary operator Γrζ : H → HT which inter-twins Cuntz
elements {βrζ(Ti) : 1 ≤ i ≤ d}
′′ and {π(si) : 1 ≤ i ≤ d}′′ extending γζr : K → K i.e.
there exists a unitary operator Γrζ on H˜ ⊗K H extending γrζ : K → K satisfying
(76) ΓrζP = PΓrζP = γrζ
and
(77) βrζ (πT (x))Γrζ = Γrζπ(x)
for x ∈ O˜d ⊗Od. Thus without a loss of generality, we assume that HT = H and
the von-Neumann algebras {Ti : 1 ≤ i ≤ d}′′ and {π(si) : 1 ≤ i ≤ d}′′ are equal.
Along the same line of argument, we identify H˜T with H˜ and so H˜T ⊗K HT with
H˜ ⊗K H.
Since γ2rζ = βζ2Id , the unitary operator γ
∗
rζ
also inter-twins Popescu elements
βr¯ζ (J v˜iJ ) and (βζ2(vi)), by uniqueness of commutant theorem Γ
∗
ζr
= Uζ2Γζr i.e.
(78) Γ2rζ = βζ2
ThatAdΓrζ acts on π(Od)
′′ follows by construction. That it also acts on π(UHFd)
′′
follows by Proposition 2.2 (b) and AdΓrζ βz = βz¯AdΓrζ for all z ∈ H . So by our
construction AdΓrζ acts on π(Od)
′′ and π(O˜d)′′ respectively with
Ad2Γrζ
= AdΓ2rζ
= βζ2
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Furthermore, by the commutant lifting theorem Proposition 2.1 (e), we also find
an anti-unitary operator J : H˜ ⊗K H → H˜ ⊗K H, extending the anti-unitary map
J : K → K, such that
(79) J πT (x) = π(JId(x))J
for all x ∈ O˜d ⊗Od.
Now we use (77) with (79) to get
(80) βr¯ζ(π(s˜I′ s˜j′sIs
∗
J))J Γrζ = J Γrζπ(s˜I s˜JsI′s
∗
J′)
for all |I ′|, |J ′|, |I| and |I| <∞. Now it is evident by (73) and (80) that
(81) J Γrζ = Jγ rˆζ
Since (Jγ rˆζ)2 = Uζ2 , using (81) we get
J Γrζ
= Γ∗rζJUζ2
= ΓrζJ
where we have used J 2 = I and Γ2rζ = Uζ2 = rˆ
2
ζ .
Proposition 2.7 is valid with a representation g → UˆT (g) on H˜ ⊗K H so that
(82) UˆT (g)TiUˆT (g)
∗ = ¯χ(g)βu¯(g)(Ti)
for all 1 ≤ i ≤ d. Thus
J uˆT (g)v˜iuˆT (g)
∗J
= uˆT (g)J v˜iJ uˆ
∗
T (g)
= ¯χ(g)βu¯(g)(J v˜iJ )
= J χ(g)βu(g)(v˜i)J
for all 1 ≤ i ≤ d and g ∈ G. Thus the representation g → uˆT (g) as well satisfies the
covariance relation (44) that the representation g → u(g) satisfies. In other words,
uˆ(g)∗uˆT (g) ∈ M˜′ =M. Since J commutes with both uˆ(g) and uˆT (g), uˆ(g)∗uˆT (g)
is also an element in JMJ = M′ i.e. uˆ(g)∗uˆT (g) is an element in the centre of
M. Since M is a factor and uˆ(g)ζψ = ζψ = uˆ)g)ζψ , we get
(83) uˆ(g) = uˆT (g)
for all g ∈ SU2(C). Furthermore, by the covariant relations (43) and (82) used in
(79), we also have
(84) J UˆT (g) = Uˆ(g)J
for all g ∈ SU2(C).
We fix any g ∈ SU2(C). We consider unitary operators U(g) and UT (g) restrict-
ing its action on H. We claim that Uˆ(g) = UˆT (g) on H for all g ∈ SU2(C). For
a proof we recall the commutant lifting theorem ( Theorem 5.1 in [BJKW] ) in a
little more details. The unitary operator
U2(g) =
(
0 , Uˆ(g)
Uˆ∗(g) , 0
)
,
is the unique element in the commutant of the Cuntz algebra generated by(
Si , 0
0 , βg(Si)
)
,
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such that
(85) P2U2(g)P2 =
(
0 , uˆ(g)
uˆ(g)∗ , 0
)
,
where
P2 =
(
P , 0
0 , P
)
,
Similar statement also holds for UˆT (g) with Cuntz elements (Ti) replacing the role
of (Si) above. Since πT (Od)′′ = π(Od)′′ and the element(
0 , UˆT (g)
Uˆ∗T (g) , 0
)
,
also satisfies (85) as uˆT (g) = uˆ(g), the uniqueness part of the above statement says
that Uˆ(g) = UˆT (g) on H by Proposition 2.1 (d). By the same argument, we also
have Uˆ(g) = UˆT (g) on H˜. This shows Uˆ(g) = UˆT (g) and Uˆ(g) commutes with J .
Since Uˆ(g) commutes with Jγ rˆζ , we conclude Uˆ(g) commutes with Γrζ by (81) and
the commuting property of Uˆ(g) with J . This completes the proof for (c3).
We fix any even integer d. We recall that rζ = uˆ(iσy). The fixed point von-
Neumann sub-algebra of the action Adrζ on a von-Neumann algebra is equal to the
fixed point von-Neumann sub-algebra of the group action {Aduˆ(eitσy ) : 0 ≤ t < 2π}
on B(K) since eitσy takes value iσy at t =
π
2 . We used here the simple fact that the
fixed point sub-algebra remains same if we take action of a single element from the
group other than the identity action by von-Neumann double commutant theorem.
We also note that r2ζ = uˆ(i
2σ2y) = uˆ(−I2). Important point here for even values
of d, uˆ(−I2) is not the identity operator. So the fixed point algebra of the action
Adrζ is equal to the fixed point von-Neumann sub-algebra of the action Aduˆ(−I2)
i.e. the action at t = π.
In particular, we claim that any element in the fixed point von-Neumann sub-
algebras of the actions Adγrζ on B(K) is an invariant element of Aduˆrζ on B(K).
For a proof, we take any element a ∈ A fixed by Adγrζ . Then we get
a
= Ad2γrζ
(a)
= Adγ2
ζ
(a)
= βζ2I(a)
= Aduˆ2(iσy)(a)
= Aduˆ(−I2)(a)
Now we use the preceding remark to conclude that Aduˆ(rζ)(a) = a.
We use the same argument to prove AdUˆ(rζ)(X) = X if AdΓrζ (X) = X for some
X ∈ B(H˜ ⊗K H).
In the following we aim to give a more insight in our studies on symmetries on
state ω.
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Proposition 4.4. Let ω and ψ be as in Proposition 4.1 with ψ˜ = ψ¯ = ψβζ0 .
Let ω be also βr0 invariant then the following holds:
(a) ψβr0 = ψβη0 and ψ˜βr0 = ψ˜βη0 for some η0 ∈ S
1;
(b) Let η ∈ S1 such that η2 = η0 and ψη = ψβη. Then ψ˜ηβr0 = ψηβη0ζ0 and
ψ¯η = ψηβη0ζ0 ;
(c) Let (lk = ηvk) and then (l˜k = ηv˜k) be the Popescu elements of the states ψη
and ψ˜η of Od and O˜d respectively in their support projections. Then there exists a
unitary operator γr0 on K such that
(86) γr0ψζ = ψζ , γr0βr¯0(l˜I′ l˜
∗
J′ lI l
∗
J)γ
∗
r0 = J l˜I l˜
∗
J lI′ l
∗
J′J ,
and a unitary operator rˆ0 on K satisfying
(87) rˆ0 l˜I′ l˜
∗
J′ lI l
∗
J rˆ
∗
0 = βr0(l˜I′ l˜
∗
J′ lI l
∗
J)
for all |I ′|, |J ′|, |I| and |J | <∞. Moreover, γr0uz = uz¯γr0 for all z ∈ H;
(d) If ω is also SU2(C) invariant as in Proposition 4.3 then ζ ∈ H and (a)-(c) are
valid with η = η0 = 1.
Proof. We have already fixed an extremal point ψ satisfying ψ˜ = ψβζ0 and
ψ¯ = ψβζ0 as in Proposition 4.1. The state ψβr0 of Od being an extremal point in
Kω, there exists a η0 ∈ S1 such that ψβr0 = ψβη0 . Since r
2
0 = Id, η
2
0 ∈ H . Since
ψ˜ = ψβζ0 and βζ0 commutes with βr0 , we check that
ψ˜βr0
= ψβζ0βr0
= ψβr0βζ0
= ψβη0βζ0
= ψβζ0βη0
= ψ˜βη0
and
ψ˜βr0 = ψβζ0η0
We set
ψη = ψβη,
where η2 = η0.
Since ˜ψβz = ψ˜βz for all z ∈ S1, we have and verify the following equalities:
ψ˜ηβr0
= ψ˜βηβr0
= ψ˜βr0βη
= ψβηζ0η0
= ψηβζ0η0
We also verify the following equalities:
ψ¯η
= ψ¯βη¯
= ψβζ0βη¯
= ψβηβζ0βη¯0
= ψηβζ0η0
since η20 ∈ H .
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So by Theorem 3.4 in [Mo3] we find unitary operator γr0 on K satisfying (86).
In particular, (86) shows that γr0 is a unitary operator inter-twinning the Popescu
elements (J βr¯0(l˜k)J ) and (lk). Let πT be the minimal Popescu dilation associated
with (J v˜iJ ) and its extended amalgamated representation of O˜d⊗Od as in Propo-
sition 4.3. Then as in Proposition 4.3, we use commutant lifting theorem to find a
unique unitary operator Γr0 on H˜ ⊗K H such that
PΓr0P = γr0 , βr0(πT (βη(x)))Γr0 = Γr0π(βη(x))
Since Γr0PΓr0 = P and the automorphism that maps
π(βη(si))→ Γ
∗
r0πT (βη(si))Γr0 = π(βr0(βη(si)))
gives a well defined automorphism on B(K) that takes
l˜I′ l˜
∗
J′ lI l
∗
J → βr0(l˜I′ l˜
∗
J′ lI l
∗
J)
for all I ′|, |J ′|, |I| and |J | < ∞. Since M∨ M˜ = B(K) by Proposition 2.4 (c), we
conclude that there exists a unitary operator rˆ0 on K satisfying (87) by a standard
result. Note that we are not claiming that rˆ0ζψ = ζψ !
By the SU2(C)-invariance property of ω, we have ψβu(g) = ψ for all g ∈ SU2(C)
by Proposition 3.1 and so in particular ψβrζ = ψ. Since rζ = ζr0 and so βζ = βrζβr0
on Od has a normal extension to πψ(Od)′′, given by AdrζAdr0 . Thus by Proposition
2.2 (a) ζ ∈ H and rˆ0ζψ = ζψ .
Theorem 4.5. Let ω be a translation invariant pure state ω of M = ⊗k∈ZM
(k)
d (C)
with the following properties:
(a) ω is real and lattice reflection symmetric with the twist r0 ∈ Ud(C), where
r20 = Id;
(b) ω = ωβu(g) for all g ∈ SU2(C), where g → u(g) is the irreducible representation
satisfying the inter-twining relation (55) with the twist r0, where r0r¯0 = ζ
2Id and
ζ2 = 1 for odd integer and −1 for even integer.
If ω is also reflection positive with twist r0 then d is an odd integer i.e. there
exists no translation invariant pure state of M satisfying (a), (b) and reflection
positive with twist r0 for even values of d.
Proof. We consider the group actionAdΓrζ on the von-Neumann algebra π(Od)
′′.
Since βzAdΓrζ = AdΓrζ βz¯ for all z ∈ H on π(Od)
′′ and βz invariant elements
in π(Od)′′ and π(O˜d)′′ are π(UHFd)′′ and π( ˜UHFd)′′ respectively by Proposition
2.4,AdΓrζ acts on π(UHFd)
′′ and π( ˜UHFd)
′′ respectively. In particular, AdΓrζ acts
on π( ˜UHFd ⊗ UHFd)
′′. By a theorem of R. T. Powers [Pow], there exits a unique
automorphism AdΓrζ on
˜UHFd ⊗UHFd such that
AdΓrζ (π(x)) = π(AdΓrζ (x))
It is a routine work to verify by the uniqueness part of the above statement that
Γrζ commutes with AdUˆ(rζ) on
˜UHF d ⊗UHFd.
So far we did not use our assumption on d. We will prove that d is an odd
integer by bringing a contradiction for even integer values of d. Let d be an even
integer. If AdΓrζ (x) = x for x ∈
˜UHFd⊗UHFd then AdUˆ(rζ)(x) = x by Proposition
4.3 (c4). The fixed point algebra of AdΓrζ being a sub-algebra of a simple C
∗
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algebra ˜UHFd ⊗ UHFd, it is also simple. The automorphism Adu(rˆζ) commutes
with AdΓrζ on π(
˜UHFd ⊗ UHFd)′′, we get by a Robert’s version [BE] of ‘Tanaka
duality theorem’, AdUˆ(rζ) is one of the element in the group generated by AdΓrζ . For
details, we refer to Corollary 4.6 in [BE] valid for a more general situation. Since
Adu(rζ) is not equal to the identity automorphism onMd(C), the automorphism
AdUˆ(rζ) is either AdΓrζ or AdΓ
∗
ζ
on π(UHFd)
′′. In particular, Aduˆ(rζ) is either
Adγrζ or Adγ∗rζ
or M0, where we recall M0 = Pπ(UHFd)′′P in Proposition 2.4.
But for a reflection positive with the twist r0 state ω satisfying (a) and (b), we
have Adγrζ (a) = Adγ0(a) = a for all a ∈ M0 by Theorem 3.5 (d) in [Mo3]. This
brings a contradiction to our assumption that d is an even integer.
In the following, we remove the additional assumption ‘reflection positivity with
the twist r0’ on the state ω in Theorem 4.5. This came as a surprise!
Theorem 4.6. There exists no translation invariant pure state ω on M =
⊗k∈ZM
(k)
d (C) satisfying (a) and (b) in Theorem 4.5 if d is an even integer.
Proof. To that end, we consider automorphism AdΓrζ that acts on π(Od)
′′
and consider the C∗ sub-algebra A = π(Od)
⋂
AdΓrζ (π(Od)). It is clear that
A ⊆ π(Od)
′′ and A′ = π(Od)
′ ∨ AdΓrζ (π(Od)
′) = π(Od)
′ since AdΓrζ (π(Od)
′) =
AdΓrζ (π(Od))
′ = π(Od)′ i.e. A′′ = π(Od)′′.
Since Ad2Γrζ
= βζ2 , the automorphism AdΓrζ acts on A. Since AdUˆ(rζ) commutes
with AdΓrζ on π(Od)
′′ and AdUˆ(rζ) acts on π(Od), we verify that AdUˆ(rζ) as well
acts on A and the action commutes with AdΓrζ on A. The C
∗-algebra A is C∗-
sub-algebra of a simple C∗-algebra Od, A is itself simple. In particular, fixed point
sub-algebra AAdΓrζ
is also simple. So we may once again appeal to Corollary 4.6
in [BE] to conclude that AdUˆ(rζ = AdΓrζ or AdΓ∗rζ on A. Since A
′′ = π(Od)′′, by
uniqueness of the normal extension, we get AdUˆ(rζ) = AdΓrζ or AdΓ∗rζ on π(Od)
′′.
Since AdΓrζ (Uz) = Uz¯ and AdUˆ(rζ)(Uz) = Uz for all z ∈ H , we get z
2 = 1 for all
z ∈ H i.e. H ⊆ {z ∈ S1 : z2 = 1}. Furthermore, we have
(88) Si = J βǫ(S˜i)J
with ǫ = 1 or −1. Now we use the commuting property of Uˆ(g) with J in (88) to
conclude uij(g) = u
i
j(g) for all g ∈ SU2(C) by the covariance relation (43). Thus by
(55), rζ commutes with the irreducible representation g → u(g) on C
d. This brings
a contradiction since rζ is not a scaler multiple of the identity operator Id.
A simpler alternative proof goes as follows. By Proposition 4.4 (d), ζ ∈ H and
so ζ2 = 1 by the first part of the argument used for even values of d. This brings
a contradiction as ζ2 = −1 for even values of d. This completes a proof that d can
not be an even integer.
We have the following generalisation of Theorem 4.6.
Theorem 4.7. Let ω be a translation invariant pure state of
M(n) = ⊗j∈Z⊗ZnM
(j)
d (C) = ⊗j∈Z ⊗1≤l≤n M
(j,l)
d (C)
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satisfying (a) and (b) in Theorem 4.5 with r0 = ⊗r
(l)
0 and u(g) = ⊗1≤l≤nu(g)
(l).
If d is an even integer then n is an even integer.
Proof. Since r0r¯0 = −1 for even values of d, we get β2r0 = β(−1)nI = β−I on
M(n) ≡ ⊗M
(k)
dn (C)
for odd values of n. So by the same argument used in the proof for Theorem 4.6,
n can not be an odd integer.
We end this section stating a result that explains how SU2(C) invariant is crucial
in the proof of Theorem 4.5. We consider the following standard ( irreducible )
representation of Lie algebra su2(C) in C
2:
σx =
(
0 , 1
1 , 0
)
,
σy =
(
0 , i
−i , 0
)
,
σz =
(
1 , 0
0 , −1
)
.
r0 =
(
0 , i
−i , 0
)
,
Let ω be a translation invariant pure state onM = ⊗ZM2(C). If ω is G = U(1) ⊆
SU2(C) invariant then by a theorem of T. Matsui [Ma3], ω is either a product state
or a non-split state. The unique ground state for HXY model is a non spilt state..
The following corollary says more when ω is also real and lattice symmetric.
Corollary 4.8. Let ω be translation invariant pure state of M = ⊗k∈ZM
(k)
2 (C)
and ω be also lattice reflection symmetric, lattice reflection symmetric with twist r0
and real. If ω is also S1 ⊂ SU2(C) invariant and reflection positive with the twist
r0 then {uz : z ∈ H} does not commutes with γr0 i.e. H is not a subset of {−1, 1}.
In such a case, spatial correlation function of ω does not decay exponentially.
Proof. Suppose γr0 commutes with {uz : z ∈ H}. The fixed point sub-algebra
of group action {Aduz : z ∈ H} isM0 by Remark 2.5. The action Adγr0 also keeps
M0 fixed by the reflection positivity property as shown in Theorem 3.5 in [Mo3].
Thus we conclude that Adγr0 is equal to Aduz0 for some z0 ∈ H by a version of
‘Tanaka duality theorem’ [BE], where we have also used Remark 2.6 that M0 is a
factor for pure state ω. Since Ad2γ0 = β−I2 , we get z
2
0 = −1. Thus i ∈ H .
On the other hand, by Proposition 4.4 (c), γr0uz = uz¯γr0 for all z ∈ H . Thus
γr0 commutes with {uz : z ∈ H}, if and only if H ⊆ {1,−1}. This brings a
contradiction.
For such a state ω, Theorem 1.3 in [Mo3] says that the exponential decaying
property of the spatial correlation function of ω is equivalent to split property of ω
i.e. πω(MR)
′′ is a type-I factor. If so, then by Proposition 2.2 (d), H = {1}. Since
H is not equal to {1} by the first part, we get a contradiction. This completes the
proof.
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Remark 4.9. In the above corollary, since Ad2γr0 = β−1, by Proposition 2.2 (a)
−1 ∈ H . Thus {−1, 1} ⊂ H with strict inclusion.
Corollary 4.10. Let d be an odd integer and ω be a reflection positive trans-
lation invariant state with twist r0 satisfying (a) and (b) in Theorem 4.5 and ψ be
as in Proposition 4.1. If H ⊆ {−1, 1} then
(89) J βǫ(v˜i)J = βr0(vi),
where ǫ is either 1 or −1. If H = {1} then ǫ = 1 in (89).
Remark 4.11. The unique ground state for AKLT model [AKLT] is an example
that satisfies criteria of Corollary 4.10 with H = {1}.
5. Spontaneous symmetry breaking in ground states of Hamiltonian in quan-
tum spin chain
We are left to discuss few motivating examples for this abstract framework we have
developed so far to study symmetry of Hamiltonian H that satisfies (3) and (14).
Before we take specific examples, we recall some well known results in the following
proposition for our reference.
Proposition 5.1. LetH be a Hamiltonian in quantum spin chain M = ⊗ZMd(C)
that satisfies relation (3) with h0 ∈Mloc. Then the following statements are true:
(a) There exists a unique KMS state ωβ for (αt) at each inverse positive temperature
β = 1kT > 0;
(b) If H also satisfies relation (14) with J > 0 and r0 ∈ Ud(C), then the unique
KMS state ωβ is reflection positive with twist r0. Furthermore, any weak
∗ limit
point of ωβ as β →∞ is also reflection positive with twist r0;
(c) If ground state of H that satisfies (3) and (14) with J > 0 is unique, then the
unique ground state is pure, translation invariant and reflection positive state with
twist r0.
Proof. For (a), we refer to H. Araki work [Ara2] and also [Ki]. For the first
statement in (b), we refer to [FILS]. Last part of (b) is trivial as reflection positive
property (11) is closed under weak∗ limit. (c) follows by a simple application of (b)
since unique ground state is a limit point of positive temperature states.
Proof. (Corollary 1.3) We will prove the statement by bringing a contradiction.
Suppose that ground state is unique. Then unique ground state of H will inherit
all symmetries of H i.e. translation, real, lattice symmetric properties of H as it is
the liming state of unique β−KMS states as β →∞ and each β−KMS state being
unique, inherits these symmetries of H . That it is also reflection positive with the
twist r0 follows along the same line, once we check the limit of refection positive
states with the twist r0 remains reflection positive with the twist r0 by (8). This
brings a contradiction to Theorem 4.1 since the ground state of H is pure being
unique.
Proof. (Corollary 1.4) Since the invariant subspace Eω = {f ∈ Hω : eitHωf =
f, t ∈ R} is one dimensional, Eωπω(M)′′Eω is one dimensional and thus in partic-
ular abelian. By Proposition 4.3.7 and Theorem 5.3.37 in [BR], ω is a factor state
if and only if ω is a pure state. Thus by Corollary 1.3, ω is not a factor state of M.
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Suppose Hω has a mass gap. Then by Theorem 2 in [NaS], we verify R. T.
Powers criteria [Po] (19) for factor property of ω. This completes the proof for (b)
by (a).
XY model: We consider the exactly solvable XY model. The Hamiltonian HXY
of the XY model is determined by the following prescription:
HXY = J(
∑
j∈Z
{σ(j)x σ
(j+1)
x + σ
(j)
y σ
(j+1)
y } − 2λ
∑
j∈Z
σ(j)z ),
where λ is a real parameter stand for external magnetic field and J is a non-zero real
number, σ
(j)
x , σ
(j)
y and σ
(j)
z are Pauli spin matrices at site j. It is well known [AMa]
that ground state exists and is unique. It is simple to verify that H˜ = H since we
can rewrite HXY as sum over elements of the form σ
(j−1)
x σ
(j)
x + σ
(j−1)
y σ
(j)
y . Since
the transpose of σx is itself, transpose of σy is −σy and transpose of σz is itself, we
also verify that HtXY = HXY . Hence HXY is real and refection symmetric.
For J < 0, it is also well known that for |λ| ≥ 1, the unique ground state is a
product state thus split state. On the other hand for |λ| < 1, the unique ground
state is not a split state [Ma2 Theorem 4.3]. For J > 0, HXY is reflection symmetric
with a twist r0 which rotates an angle π with respect to Y -axis. Furthermore, by a
general theorem [FILS] ω is also reflection positive with a twist r0 = σy for J > 0
and λ = 0. Thus by Corollary 4.5, the unique ground state of HXY model is a non
split state and H is not a subset of {1,−1}. In such a case, a simple application
of Theorem 1.3 in [Mo4] says that the spacial correlation functions of the ground
state does not decay exponentially.
XXX MODEL: Here we consider the prime example where very few exact re-
sults on its ground state are known. The Hamiltonian HXXX of the spin s anti-
ferromagnetic chain i.e. the Heisenberg XXX model is determined by the following
formula:
HXXX = J
∑
j∈Z
{S(j)x S
(j+1)
x + S
(j)
y S
(j+1)
y + S
(j)
z S
(j+1)
z }
where S
(j)
x , S
(j)
y and S
(j)
z are representation in d = 2s+1 dimensional of Pauli spin
matrices σx, σy and σz respectively at site j. Since HXXX can be rewritten as sum
of elements of the form
{S(j−1)x S
(j)
x + S
(j−1)
y S
(j)
y + S
(j−1)
z S
(j)
z },
it is simple to check that γ(H˜XXX) = HXXX .
We also claim that
HtXXX = HXXX
To that end, we consider the space Vd of homogeneous polynomials in two complex
variable with degree d, d ≥ 2 i.e. Vd is the space of functions of the form
f(z1, z2) = a0z
d
1 + a1z
d−1
1 z2 + ...+ adz
d
2
with z1, z2 ∈ C and a′is are arbitrary complex constants. Thus Vd is a d-dimensional
complex vector space. The d−dimensional irreducible representation πd of the Lie-
algebra su2(C) is given by
πd(X)f = −
∂f
∂z1
(X11z1 +X12z2) +
∂f
∂z2
(X21z1 +X22z2),
where X in any element in Lie-algebra su2(C). It is simple to verify that the
transpose of Sx = πd(σx) is itself, transpose of Sy = πd(σy) is −Sy and transpose
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of Sz = πd(σz) is itself. Thus H
t
XXX = HXXX for any d = 2s+ 1. Furthermore,
for J > 0, the unique positive temperature state (KMS state ) for HXXX is also
reflection positive [FILS] with twist r0 since HXXX admits the functional form
(14) [FILS]. Thus any limit point of KMS states as temperature goes to zero is also
reflection positive for J > 0.
Thus for J 6= 0, if ground state of HXXX is unique then the unique ground state
is also pure, real and reflection positive with twist r0. This brings a contradiction for
even values of d by Theorem 4.5. Thus in particular, for J > 0 ( anti-ferromagnet )
and half-odd integer s, any low temperature limit point ground state of temperature
states is not pure. Same holds good for ferromagnet model as well which is not
surprising.
An interesting point here to be noted that these pure ground states are not limit
points of their temperature states. So we conclude that there are solutions for
ground states for HXXX other than the well known infinite volume Bethe Ansatz
[Be] solution for even values of d.
As an indirect consequence, we conclude that the Bethe solution is not pure as
follows: The symmetrized finite truncation of HXXX i.e.
HnXXX =
∑
−n+1≤k≤n
θk(hXXX0 )
with periodic boundary condition admits the functional form of (14) and thus each
such truncated Hamiltonian has a unique temperature state at inverse temperature
β and the state is refection positive with twist r0. Thus the unique ground state of
HnXXX [AL] is also reflection positive with twist r0. This shows an infinite volume
limit of ground states of symmetrized truncated Hamiltonians is also reflection
positive with twist r0. That a limiting infinite volume state is also translation and
SU(2) invariant follows along the same line of argument. It proves that an infinite
volume limit point of Bethe states is not pure by Theorem 4.5 for even values of
d. The same statement holds true for even values of d if we deal with quasi lattice
HXXX models [Ma3] with periodic boundary condition and odd many legs.
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